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• Remember the reduction operation 

• Extremely important/frequent operation → Google's MapReduce 

• De!nition pre!x sum: 
Given an input sequence                                      , 
the (inclusive) pre!x sum of this sequence is the output sequence 

 
where ⨁ is an arbitrary binary associative operator. 

• The exclusive pre!x sum is 

 

where ι is the identity/zero element, e.g., 0 for the + operator. 

• The pre!x sum operation is sometimes also called a scan (operation)
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• Example: 

• Input:  

• Inclusive pre!x sum: 

• Exclusive pre!x sum: 

• Further variant: backward scan 

• Applications: many! 

• For example: polynomial evaluation (Horner's scheme) 

• In general: "What came before/after me?" 

• "Where do I start writing my data?" 

• The pre!x sum problem appears to be "inherently sequential"
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Â
′ = (0 3 4 11 11 15 16 22)
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Variation: Segmented Scan

• Input: segments of numbers in one large vector 

• Task: scan (pre!x-sum) within each segment 

• Output: pre!x-sums for each segment, in one vector 

• Forms the basis for a wide variety of algorithms: 

• E.g., Quicksort, Sparse Matrix-Vector Multiply, Convex Hull 

• Note: take care to store the "ags array space- and bandwidth-ef!cient! (one integer per "ag 
is very in-ef!cient)
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30 770 710

13 407 361

01 001 001
Flags array 
(head-tail flags, 
"1" = new segment)

Payload data
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Application from "Everyday" Life

• Given: 

• A 100-inch sandwich  

• 10 persons 

• We know how many inches each  

person wants: [3 5 2 7 10 4 3 0 8 1] 

• Task: cut the sandwich quickly 

• Sequential method: one cut after another 

(3 inches !rst, 5 inches next, …) 

• Parallel method: 

• Compute pre!x sum 

• Make cuts in parallel with 10 knives 

• How quickly can we compute the pre!x sum?

5
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Illustration of the Importance of the Scan Operation

• Assume the scan operation is a primitive 

that has unit time costs, then the 

following algorithms have the following 

complexities:
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EREW = exclusive-read, exclusive-write PRAM 
CRCW = concurrent-read, concurrent-write PRAM 
Scan = EREW with scan as unit-cost primitive

Guy E. Blelloch: 
Vector Models for Data-Parallel Computing

Model
Algorithm EREW CRCW Scan

Graph Algorithms
(n vertices, m edges, m processors)
Minimum Spanning Tree lg2 n lgn lgn
Connected Components lg2 n lgn lgn
Maximum Flow n2 lgn n2 lgn n2
Maximal Independent Set lg2 n lg2 n lgn
Biconnected Components lg2 n lgn lgn

Sorting and Merging
(n keys, n processors)

Sorting lgn lgn lgn
Merging lgn lg lgn lg lgn

Computational Geometry
(n points, n processors)

Convex Hull lg2 n lgn lgn
Building a K-D Tree lg2 n lg2 n lgn
Closest Pair in the Plane lg2 n lgn lg lgn lgn
Line of Sight lgn lgn 1

Matrix Manipulation
(n×n matrix, n2 processors)

Matrix ×Matrix n n n
Vector ×Matrix lgn lgn 1
Matrix Inversion n lgn n lgn n
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• Actually, pre!x-sum (a.k.a. scan) was considered such an important 

operation, that it was implemented as a primitive in the CM-2 Connection 
Machine (of Thinking Machines Corp.)

7
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Example: Line-of-Sight

• Given: 

• Terrain as grid of height values (height map) 

• Point X in the grid (our "viewpoint", has a height, too) 

• Viewing direction, we can look up and down, but not to the left or right 

• Problem: !nd all visible points in the grid along the view direction 

• Assumption: we have already extracted a vector of heights from the grid 

containing all cells' heights that are along our viewing direction

8
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• The algorithm: 

• Convert height vector to vertical angles (as                                                       

seen from X) → A 

• One thread per vector element 

• Perform max-scan on angle vector (i.e., pre!x                       

sum with the max operator) → Â 

• Test  âi < ai , if true then grid point is visible form X

9

Height vector      
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The Hillis-Steele Algorithm (MassPar Pattern)

• Iterate log(n)  
times: 

• Notes: 

• Blue = active threads 

• Each thread reads from another lane, too → must use barrier sync 

• Could save one barrier by double buffering
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A: 3 1 7 0 4 1 6 3

B: 3 4 8 7 4 5 7 9

d = 0, stride 1

A: 3 4 11 11 12 12 11 14

B: 3 4 11 11 15 16 22 25

d = 1, stride 2

d = 2, stride 4
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• The algorithm as pseudo-code: 

• Note: barrier synchronization omitted for clarity 

• Remark: precision is usually better than the naïve sequential algo 

• Because, in the parallel version, summands (in each iteration) tend to be of the same 
order 

• Algorithmic technique: recursive/iterative doubling technique = 
"Accesses or actions are governed by increasing powers of 2" 

• Remember the algo for maintaining dynamic arrays? (2nd/1st semester)
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forall i in parallel do      // n threads 
   for d = 0...log(n)-1: 
      if i >= 2^d : 
         x[i] = x[ i − 2^d ] + x[i]
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De!nitions

• Depth complexity D(n) = "#iterations" = parallel running time Tp(n) 

• (Think of the loops unrolled and "baked" into a hardware pipeline) 

• Sometimes also called step complexity 

• Work complexity W(n) = total number of operations performed by all threads 

• With sequential algorithms, work complexity = time complexity 

• Work-ef!cient: 

A parallel algorithm is called work-ef!cient, if it performs no more work than 

the sequential one (in Big-O notation)

12
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• Visual de!nition of depth/work complexity: 

• Express computation as a dependence graph of parallel tasks: 

• Work complexity = total amount of work performed by all tasks 

• Depth complexity = length of the "critical path" in the graph 

• Parallel algorithms should be always both work and depth ef!cient!

13

Parallel tasks
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Complexity of the Hillis-Steele Algorithm

• Depth D(n) = Tp(n) = # iterations = log(n)  → good 

• In iteration d: #additions =  

• Total number of adds = work complexity 

• Conclusion: not work-ef!cient 

• A factor of log(n) can hurt: amounts to 20× for 106 elements

14
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n − 2
d−1
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W (n) =

log2 n
∑

d=1

(n − 2d−1) =

log2 n
∑

d=1

n −

log2 n
∑

d=1

2d−1 = n·log n − n ∈ O
(

n log n
)
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The Blelloch Algorithm (here for Exclusive Scan)

• Consists of two phases: up-sweep (= reduction) and down-sweep 

1. Up-sweep: 

• Note: no double-buffering needed! (barrier sync is still needed, of course)

15

3 1 7 0 4 1 6 3

3 4 7 7 4 5 6 9

3 4 7 11 4 5 6 14

3 4 7 11 4 5 6 25

d = 0, stride 1

d = 1, stride 2

d = 2, stride 4



G. Zachmann Prefix-SumMassively Parallel Algorithms SS May 2022 16

2. Down-sweep: 

• First: zero last element (might seem strange at !rst thought) 

• Dashed line means "copy over" (overwriting previous content)

d = 0, stride 4

d = 1, stride 2

d = 2, stride 1

3 4 7 0 4 5 6 11

3 4 7 11 4 5 6 0

3 0 7 4 4 11 6 16

0 3 4 11 11 15 16 22
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• Depth complexity: 

• Performs 2.log(n) iterations 

• D(n) ∈ O( log n ) 

• Work ef!ciency: 

• Number of adds: n/2 + n/4 + .. + 1 + 1 + … + n/4 + n/2 

• Work complexity W(n) = 2.n = O(n) 

• The Blelloch algorithm is work ef!cient 

• This up-sweep followed by down-sweep is a very common pattern in massively parallel 
algorithms! 

• Limitations so far: 

• Only one block of threads (what if the array is larger?) 

• Only arrays with power-of-2 size

17
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Working on Arbitrary Length Input

• Challenge: syncthreads() works only for all threads within a block, but NOT 

across block borders! 

• Partition array into b blocks 

• Choose fairly small block size = 2k, so we can easily pad array to b∙2k 

• Run up-sweep on each block 

• Each block writes the sum of its partition (= last element after up-sweep) into a 

PartialSums array at blockIdx.x  

• Run pre!x sum on the PartialSums array 

• Perform down-sweep on each block 

• Add PartialSums[blockIdx.x] to each element in "next" array section 

blockIdx.x+1

18
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Up-sweep block 0 Up-sweep block 1 Up-sweep block 2 Up-sweep block 3

Down-sweep block 0 Down-sweep block 1 Down-sweep block 2 Down-sweep block 3

Store block sums to auxiliary array PartialSums

Scan auxiliary array PartialSums

"Seed" last value in block i+1 
with PartialSums[i], instead of 0

New kernel launch!
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Further Optimizations

• A simple & effective technique: 

• Each thread i loads 4 "oats from global memory → float4 x 

• Store                            in shared memory ⟶ a[i] 

• Compute the                 pre!x-sum on a ⟶ â  

• Store 4 values back in global memory: 

• A[4*i]   = â[i] + x[0] 

• A[4*i+1] = â[i] + x[0] + x[1] 

• A[4*i+2] = â[i] + x[0] + x[1] + x[2] 

• A[4*i+3] = â[i] + x[0] + x[1] + x[2] + x[3] 

• Experience shows: 2x faster 

• Why does this improve performance? → Brent's theorem

20

exclusive
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j=0...3

x [i ][j ]
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Brent's Theorem

• Frequent assumption when formulating parallel algorithms: we have 

arbitrarily many processors 

• E.g., O(n) many processors for input of size n 

• Kernel launch even re"ects that: 

• Often, we run as many threads as there are input elements 

• I.e., CUDA/GPU provide us with this (nice) abstraction 

• Real hardware: only has !xed number p of processors 

• E.g., on current GPUs: p ≈ 200–2000 (depending on viewpoint and architecture) 

• Question: how fast can an implementation of a parallel algorithm really be?
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• Assumptions for Brent's theorem: PRAM model 

• No explicit synchronization needed 

• Memory access = free (no cost) 

• Brent's Theorem: 

    Given a massively parallel algorithm A; let D(n) = its depth (i.e., parallel   

    time) complexity, and W(n) = its work complexity. 

    Then, A can be run on a p-processor PRAM in time at most 

 
 
 

     (Note the "≤")
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<latexit sha1_base64="XUv6CmyvYUU1BBZue1aiQwPRQKw=">AAADC3icZVLLbhMxFHWGVwmvFJZsLkRIqQhRJirQDVJVumBZpKapVEeRx3MnseqxB9sDRNZ8Av/BFrFDbNmyBf4GTx6ItFca6+qcc9+TFFJY1+//aURXrl67fmPrZvPW7Tt377W2759YXRqOQ66l NqcJsyiFwqETTuJpYZDlicRRcv665kfv0Vih1bGbFzjO2VSJTHDmAjRpHRx3VBeKHQAq8V39ZI7KTGptgGaGcQ+jjtqBykMBFVAjpjNHzVLwFA4DN2m1+73+wuCyE6+cNlnZ0WS78YWmmpc5Kscls/YsHhRu7JlxgkusmrS0WDB+zqboFyNW8CRAKWShaKaVgwX6v+6s dNne2AtVlA4VDwEQyKyU4DTUg0MqDHIn58A4D4VL5kJCPmNhRhcWtFE0n+fMzeokRaC0YhJqwIa6ec5UarsgNUshwdARgmXK1vyjjSRrNGxt7TapQYUfVlk8zVgu5DzFjJXSVZ7abO1vZhKlEu5jAK2w6MrCh7ae5TpFeAX1kepbBjYEh99gsRufSFZW3kyTyvd78fPu 4okviAym/zR7QdIP32CpoYee1i2b3KdV1QxHji+e9LJzMujFL3q7b3fb+werc2+Rh+Qx6ZCYvCT75A05IkPCyWfyk/wiv6NP0dfoW/R9KY0aq5gHZMOiH38Bdib3iw==</latexit>

T (n, p) ≤

⌊

W (n)

p

⌋

+ D(n)
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• Alternative statement of Brent's theorem: 

 

 

where Tp(n) = time complexity using p processors, T1 = sequential 

complexity, T∞ = parallel complexity with unlimited number of processors.
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<latexit sha1_base64="Tq56S/div47e4qfm9uT+6fcRFgQ=">AAAC83icZVHLbtNAFJ2YVwlQUrpkM1AhFbVEdhClG6QiWHRZpKSNVEdhPL5ORx2PrXkUrJE/gjU7xBaJHRIr+Az+hmsnQaS90ozunHvua05SSmFsGP7pBNeu37h5a+12987de+v3exsPjk3hNIcR L2ShxwkzIIWCkRVWwrjUwPJEwkly/qaJn1yANqJQQ1uVMMnZTIlMcGYRmvZ2htNyWz2lr2icacY9HU6j5l17WtKa7uA7FiqzFYLT3lbYD1ujV51o4WwdvP45fr+ZrR9NNzrf47TgLgdluWTGnEaD0k4801ZwCXU3dgZKxs/ZDHy7S02fIJTSrNB4lKUt+j/v1Nlsf+KF Kp0FxTGBYjBzktqCNhvSVGjgVlaUcY6NHbNYkJ8xXM/iT6w0zauc2bOmSImhQjFJG8Bg3zxnKjW7VBYspQngREANU6aJP1opskRrGi/dbqxBwYdFFR9nLBeySiFjTtraxyZb+quVhFPCfkTQCAPWlR7HepYXKaBAjT6NaBjFZNS7/RufSOZqr2dJ7cN+9GK3vaJLJA3p P84+UkI8gzknfuvjZmSd+7SuUePosqJXneNBP9rrP3+HYh+Sua2Rh+Qx2SYReUkOyCE5IiPCySfyg/wivwMXfA6+BF/n1KCzyNkkKxZ8+wuN3/CJ</latexit>

Tp(n) =
T1(n)

p
+ T∞(n)
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Proof

• For each iteration step i, 1 ≤ i ≤ D(n), let Wi(n) = number of operations in 

that step 

• In each iteration, distribute those Wi(n) operations on p processors: 

• Execute              operations on each of the p processors in parallel 

• Takes              time steps on the PRAM 

• Overall :
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<latexit sha1_base64="xEvJlTxnYcDctoorYPcgNakbpyI=">AAAC9nicZVHLbtNAFJ2YVwmPprBkcyFCKlIb2VEp3SBVwIJlkUhTqRNF4/F1Mup4bM2jNBr5K9izQ2xhyRa+gr9h7CaItFea0dW55z5PWklhbBz/6UQ3bt66fWfjbvfe/QcPN3tbj45N6TTHES9l qU9SZlAKhSMrrMSTSiMrUonj9OxtEx+fozaiVB/tosJJwWZK5IIzG6Bpb5dKzC2VHIUEmmvGPYynYlu9gNpDBTVQLWZzS3XDmPb68SBuDa47ydLpk6UdTbc6P2hWclegslwyY06TYWUnnmkruMS6S53BivEzNkPfblPD8wBlkJc6PGWhRf/nnTqbH0y8UJWzqHhIgBDM nQRbQrMjZEIjt3IBjPPQ2DEbCvI5C9vZcIu1psWiYHbeFKlCqFRMQgOY0LcomMrMDsiSZZBimAjBMGWa+NO1Iis0XGvldqlGhZ+WVTzNWSHkIsOcOWlrT02+8tcrCaeEvQigEQatq3wYa7coM4TX0MjTyBaiITko3t7Gp5K52utZWvt4kLzcab/kCklj9o9zEChxeMNL Dn3naTOyLnxW190gcnJV0uvO8XCQ7A/2Puz1D98s5d4gT8gzsk0S8oockvfkiIwIJ5/JT/KL/I4uoi/R1+jbJTXqLHMekzWLvv8F2PTxPA==</latexit>

⌈

Wi(n)

p

⌉

<latexit sha1_base64="xEvJlTxnYcDctoorYPcgNakbpyI=">AAAC9nicZVHLbtNAFJ2YVwmPprBkcyFCKlIb2VEp3SBVwIJlkUhTqRNF4/F1Mup4bM2jNBr5K9izQ2xhyRa+gr9h7CaItFea0dW55z5PWklhbBz/6UQ3bt66fWfjbvfe/QcPN3tbj45N6TTHES9l qU9SZlAKhSMrrMSTSiMrUonj9OxtEx+fozaiVB/tosJJwWZK5IIzG6Bpb5dKzC2VHIUEmmvGPYynYlu9gNpDBTVQLWZzS3XDmPb68SBuDa47ydLpk6UdTbc6P2hWclegslwyY06TYWUnnmkruMS6S53BivEzNkPfblPD8wBlkJc6PGWhRf/nnTqbH0y8UJWzqHhIgBDM nQRbQrMjZEIjt3IBjPPQ2DEbCvI5C9vZcIu1psWiYHbeFKlCqFRMQgOY0LcomMrMDsiSZZBimAjBMGWa+NO1Iis0XGvldqlGhZ+WVTzNWSHkIsOcOWlrT02+8tcrCaeEvQigEQatq3wYa7coM4TX0MjTyBaiITko3t7Gp5K52utZWvt4kLzcab/kCklj9o9zEChxeMNL Dn3naTOyLnxW190gcnJV0uvO8XCQ7A/2Puz1D98s5d4gT8gzsk0S8oockvfkiIwIJ5/JT/KL/I4uoi/R1+jbJTXqLHMekzWLvv8F2PTxPA==</latexit>

⌈

Wi(n)

p

⌉

<latexit sha1_base64="9TvRFKp+YPEHk7iWCVdWv2QycoA=">AAADqnicfVJdb9MwFE0WPkb4WAePvBgqpFaUKqkG7GXSBJPgcaB1HapL5ThOa812gu1sVFZ+FD+HR/4JN2mL6DbtSo6u7j3n3BsfJ4XgxkbRb38ruHP33v3tB+HDR4+f7LR2n56avNSUDWkucn2W EMMEV2xouRXsrNCMyESwUXL+se6PLpg2PFcndlGwiSQzxTNOiYXStPXnpKN6RRcdIGxKOXX8IK6+u6OO6lYIC5ZZLCjjAuFME+rQaMqhhSqHCgQAzWdzi3WDgADCDxTepJTwmeisBTOR5/p2xSXkNYobqu4utcMbBW6h19OnrXbUj5pA15N4lbS9VRxPd/1fOM1pKZmy VBBjxvGgsBNHtOVUsCrEpWEFoedkxlzjQIVeQSlFGQzNcmVRU/0fNy5ttj9xXBWlZYoCAUEzKwWyOap9QSnXjFqxQIRSGFwSC4J0TuAfLfi3MVQuJLHzWqSAVq6IQHXBwFwpiUpND4mcpChhsBFDhihT919siKyrcGvrNMSaKXa5UnE4I5KLRcoyUgpbOWyydb6pxEvF 7U8oGm6YLQsHa72RecrgWdUm1U8NukCGV9rcjUsEKSunZ0nlon78ttd84isgzdJ/mH2ARHAGSww+crheWUuXVlUIJsdXLb2enA768bv+3pe99uGHld3b3nPvpdfxYu+9d+h99o69oUf9T770L/zLoBd8Db4F4yV0y19xnnkbEaR/AUimKvc=</latexit>

T (n, p) =
D(n)
∑

i=1

⌈

Wi(n)

p

⌉

≤

D(n)
∑

i=1

(

⌊

Wi(n)

p

⌋

+ 1
)

≤

⌊

W (n)

p

⌋

+ D(n)
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Application of Brent's Theorem to our Optimization of Pre!x-Sum

• Assume that the optimized version loads f  "oats into local registers 

• Work complexity: 

• Without optimization: 

• With optimization:  

• Depth complexity: 

• Without optimization:  

• With optimization: 

• If f = 2, then W2 = W1 and D2 = D1, i.e., we gain nothing 

• If f > 2, speedup of version 2 (optimized) over version 1 (original):
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<latexit sha1_base64="DA767j6asURpzXod2AoTPFS58HE=">AAAC0nicZVHLbhMxFHWGVwmPtrBkY4iQilSimaiUbpAqYMGySE1TKRNFHs+d1KrHHvlRCNYsEFu2bOEb+Bz+hjvTCSLtlWwdnXvuwz5ZJYV1cfynF924eev2nY27/Xv3Hzzc3Np+dGK1NxzGXEtt TjNmQQoFYyechNPKACszCZPs/F2Tn1yAsUKrY7esYFayhRKF4MwhNZ3Mkx31gr6hIzXfGsTDuA16HSQdGJAujubbvd9prrkvQTkumbXTZFS5WWDGCS6h7qfeQsX4OVtAaDet6XOkclpog0c52rL/66beFQezIFTlHSiOBRSThZfUadrsT3NhgDu5pIxzHOyZw4b8jBnG Hb5zbWi5LJk7a5pUmNKKSdoQFueWJVO53aVSs5xmgBsBtUzZJv90rcmKrWm6gv3UgIJPXZeQFqwUcplDwbx0dUhtscLrnYRXwn1G0goLzlcB13pZ6hzQgKJ5AFqCWSxGN9u/CZlkvg5mkdUhHiavdtsruSIykP/THKAkxjO61KTvQ9qsbMqQ13UfTU6uWnodnIyGyf5w 7+Pe4PBtZ/cGeUKekR2SkNfkkHwgR2RMONHkB/lJfkXH0Zfoa/TtUhr1uprHZC2i738BjYziMw==</latexit>

W1(n) = 2n
<latexit sha1_base64="BARkQw/zrEdanF3ywNHqIJkSBnY=">AAADFHicZVLLbhMxFHWGVwmvFJZsDBFSKko0MyrQDVIFLJDYFIk0leoq8niuE6see+QHEFnzG/xH9+wQW7aIHfwJnjRBTXslj+6ce+7D97iopbAuTX93kitXr12/sXGze+v2nbv3epv3D6z2hsGI aanNYUEtSKFg5ISTcFgboFUhYVycvGnj409grNDqo5vXcFzRqRJcMOoiNOm9H0/ygdrCr3COCTeUBdUE3uCn5/8IK7XDPJIUJhK4G+Bsxcg5JkZMZ26rO+n102G6MHzZyZZOHy1tf7LZOSWlZr4C5Zik1h5lee2OAzVOMAlNl3gLNWUndAphcdcGP4lQibk28SiHF+h5 3pF3fPc4CFV7B4rFBByD3EvsNG43gEthgDk5x5Sx2NhTFwuyGY2XcXFTa02reUXdrC1Sx5BWVOIWsLFvVVFV2m0sNS1xAXEiwJYq28YfrRVZoQ0mK7dLDCj4vKwSCKeVkPMSOPXSNYFYvvLXKwmvhPsSQSssOF+HONazSpcQtWnVaEWN0Zgc38NiN6GQ1DfBTIsmpMPs +fbik10gGSj/c3YjJY0nP+OQt4G0I5sqlE3TipxdlPSyc5APsxfDnQ87/b3XS7k30EP0GA1Qhl6iPfQO7aMRYugU/UJ/0N/ka/It+Z78OKMmnWXOA7Rmyc9/dGz6WQ==</latexit>

W2(n) = 2
n

f
+

n

f
·f = n

(

1 +
2

f

)

<latexit sha1_base64="hfFieuD1dWqx+iY3eZ9gdaqdExk=">AAAC23icZVHLbtNAFJ2YVwmPpmXJZiBCKlKJ7KiUbpAq6IJlkUhbqY6i8fg6HXU8Y82jNBp5xQ6xZcsWtnwOf8O16yDSXmmso3PPfflklRTWxfGfXnTr9p2799bu9x88fPR4fbCxeWS1NxwmXEtt TjJmQQoFEyechJPKACszCcfZ+fsmf3wBxgqtPrlFBdOSzZUoBGcOqdlg82CWbKmX9C0dp1LPEfZng2E8itugN0HSgSHp4nC20fud5pr7EpTjkll7mowrNw3MOMEl1P3UW6gYP2dzCO3KNX2BVE4LbfApR1v2f92pd8XeNAhVeQeKYwHFZOEldZo2h9BcGOBOLijjHAd7 5rAhP2OGcYcHrwwtFyVzZ02TClNaMUkbwuLcsmQqt9tUapbTDHAjoJYp2+SfrTRZsjVNl7CfGlDwuesS0oKVQi5yKJiXrg6pLZZ4tZPwSrhLJK2w4HwVcK1Xpc4BfSiaA9AbzGIx2tr+m5BJ5utg5lkd4lHyerv9JNdEBvJ/mj2UxPjGV5r0IKTNyqYMeV03JifXLb0J jsajZHe083FnuP+us3uNPCXPyRZJyBuyTz6QQzIhnFySH+Qn+RVNoy/R1+jblTTqdTVPyEpE3/8CzWLkkA==</latexit>

D1(n) = 2 log(n)
<latexit sha1_base64="LoTKtkqHNkPGnHT3iy54HXS7aPU=">AAADBnicZVJNb9MwGHbD1ygf6+DI5YUKqRNblURj7DJpgh04Doluk5aqchyns+bYkT8GlZU7/4M7EgfElStXOPFvsNMW0c2So1fP87xffpLXnGkTx3860Y2bt27fWbvbvXf/wcP13sajYy2tInRE JJfqNMeaciboyDDD6WmtKK5yTk/yizeBP7mkSjMp3ptZTccVngpWMoKNhya9/cNJOhCbsA9pxuV0AFmpMHGicWUDm/AC0jJwEEgQsD2XQdky3UmvHw/j9sD1IFkEfbQ4R5ONzteskMRWVBjCsdZnSVqbscPKMMJp082spjUmF3hKXbtdA889VEAplb/CQIv+rzuzptwb OyZqa6ggPgE8WVoORkLYGQqmKDF8BpgQ39hi4wuSc+w3Nf5tVppWswqb81Ck9pQUmEMAtO9bVVgUegu4xAXk1E9EQWOhA/90pcgSbSBbht1MUUE/LKq4rMQV47OClthy07hMl8t4tRKzgpmPHtRMU2Nr58farmRBvS3BqmCjZ32y/wPat3E5x7Zxapo3Lh4mL7faT3JF pGjxT7PnJbG/6VyTHbosjKwqVzRNMDm5aun14DgdJrvDnXc7/YPXC7vX0BP0DA1Qgl6hA/QWHaERIugz+ol+od/Rp+hL9C36PpdGnUXOY7Ryoh9/AZj88pE=</latexit>

D2(n) = 2 log(
n

f
) + 2f = 2 log n − 2 log f + 2f

<latexit sha1_base64="T7qpYpWPpvQeeSxgFWEyJKP4i+w=">AAADTHicZVJNb9MwGHYyGKN8rIMLiIuhQhpiq5JqwC5IE+zAcYh1nbRUleO86aw5duQPoLJy4hfxR7jzE7hzQ0g4WdrRzpLjx8/7vB95X6clZ9pE0c8gXLtxc/3Wxu3Onbv37m92tx6caGkVhSGV XKrTlGjgTMDQMMPhtFRAipTDKL14X9tHn0FpJsWxmZUwLshUsJxRYjw16X5LZAmKGKkEKcB9KgEyW1bb4gV+i5NcEerw8SSu71WNBg26ss3P0UJTevNLfLi4XykGK4o2VmfS7UX9qFn4Oohb0EPtOppsBd+TTFJbgDCUE63P4kFpxo4owyiHqpNYDSWhF2QKrulRhZ97 KsO5VH4Lgxv2f92ZNfn+2DFRWgOCegfsjbnl2Ehcdw5nTAE1fIYJpT6xJcYHpOfE/53xHV5KWswKYs7rIL67WgrCcU1on7coiMj0DuaSZDgFXxFgTYSu7U+XgszZCidz2EkUCPjSRnFJTgrGZxnkxHJTuUTnc7wciVnBzFdPaqbB2NL5snYLmYGfZD2e+jF4q3f276jp jUs5sZVT07RyUT9+tdN84hWRgmyh2feSyO/BpSY5dEldsipcVlX1kOPVkV4HJ4N+/Lq/93Gvd/CuHfcGeoKeoW0UozfoAH1AR2iIKPoVbAaPgsfhj/B3+Cf8eykNg9bnIVpaa+v/AKZZCM8=</latexit>

Speedup(n) =
T1(n)

T2(n)
=

W1(n)
p

+ D1(n)
W2(n)

p
+ D2(n)

<latexit sha1_base64="QcfDJLqecc6W64tbzWi+fav9cEo=">AAADGHicZVJLbxMxEHaWVwmPpnDkMhAhFVGi3ahAL0gVcOBGkUhbqY4ir3c2seq1V7YXGln7R/gXHLhzQ1y5Ia7wP/AmG0TakWx9+uabh2ecllJYF8c/O9Gly1euXtu43r1x89btzd7WnUOrK8Nx xLXU5jhlFqVQOHLCSTwuDbIilXiUnr5q/Ecf0Fih1Xs3L3FcsKkSueDMBWrSe0tZWRp9BkBzw7gHGLZI1b6sAWoPawSVmLttSODxkh7mQI2YztyjoIXupNePB/HC4CJIWtAnrR1MtjqfaaZ5VaByXDJrT5Jh6caeGSe4xLpLK4sl46dsin7x3hoeBiqDXJtwlIMF+7/u pHL53tgLVVYOFQ8BEJx5JcFpaKYAmTDInZwD4zwUrpgLCfmMhQe5MK21osW8YG7WJCmDSysmoSFsqFsUTGV2B6RmGaQYOkKwTNnGf38tyYoNA1zBLjWo8GObxdOcFULOM8xZJV3tqc1XeD2TqJRwZ4G0wqKrSh/aelLoDOEFNBtpFhu8ITj8icVsfCpZVXszTWsfD5Kn O4srOScymP3T7AVJHM5wqaGvPW1aNoXP6rpZcnJ+pRfB4XCQPBvsvtvt779s171B7pEHZJsk5DnZJ2/IARkRTr6QX+Q3+RN9ir5G36LvS2nUaWPukjWLfvwFQV38zQ==</latexit>

≈

2n
p

n
p

(

1 + 2

f

)

<latexit sha1_base64="3WDt47m/nX78i3zbHjpzCdXaaFU=">AAAC4HicZVG7btRAFJ01r7A8soGCgubCCgmJsLKtAGkiRUBBGSQ2iRSvVuPx9WaU8diaB7AaTU+HaGlpoeBz+BvGjhexyZXGOjr33JdP3giuTRz/GURXrl67fmPj5vDW7Tt3N0db9w51bRXDKatF rY5zqlFwiVPDjcDjRiGtcoFH+dmbNn/0EZXmtfxglg3OKrqQvOSMmkDNRw/2ICsVZQ7SEryDEp5B6mE4H43jSdwFXAZJD8akj4P51uB3VtTMVigNE1TrkyRtzMxRZTgT6IeZ1dhQdkYX6Lq9PTwJVAFlrcKTBjr2f92JNeXuzHHZWIOShQIIydIKMDW010DBFTIjlkAZ C4MtNaEhO6XhIhOuXhtaLStqTtsmTUjVkgpoCR3mVhWVhd4GUdMCcgwbIWgqdZt/tNZkxXrIVnCYKZT4qe/ispJWXCwLLKkVxrtMlyu83olbyc3nQGqu0djGhbWeV3WBsAetJa1BIRuKg7fdv3G5oNY7tci9iyfJi+3uk1wQKSz+aXaDJA4vPddkb13WrqwqV3jfmpxc tPQyOEwnycvJzvud8f7r3u4N8pA8Jk9JQl6RffKOHJApYcSTH+Qn+RXl0Zfoa/TtXBoN+pr7ZC2i738B4ynmgw==</latexit>

=
2f

f + 2
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Other Consequences of Brent's Theorem

• Obviously,  

• In the sequential world, time = work:  

• In the parallel world: 

• Our speedup is  

• Assume,  

i.e., our parallel algorithm would do asymptotically more work 

• Then,  

because, on real hardware,  p  is bounded 

• This is the reason why we want work-ef!cient parallel algorithms!
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<latexit sha1_base64="zXW1W3apgbrq9uCy6aK5H/rmWBU=">AAAC63icZVE7bxNBEF4fr2BeDpQ0SyykIAXrzgpJGqQIKCiDwEmknGXN7c05q+zj2Adgra6np0O0tEhU8Ff4N+w5NsLJSLP69M03r52iFty6NP3TSa5cvXb9xtrN7q3bd+7e663fP7TaG4YjpoU2 xwVYFFzhyHEn8Lg2CLIQeFScvWzjRx/QWK7VOzercSxhqnjFGbhITXobua7RgNNGgcTwtkYsfd1sqic0F/ie1rQ76fXTQTo3ehlkC9AnCzuYrHd+5qVmXqJyTIC1J9mwduMAxnEmsOnm3mIN7AymGOYrNPRxpEpaaRNdOTpn/9edeFftjQNXtXeoWEygMVh5QZ2m7WK0 5AaZEzMKjMXGHlwsyE7BAHPxA1aaypkEd9oWictbrUDQlrCxr5SgSrtFhYaSFhgnQmpB2Tb+aKXIkm1ovoTd3KDCj4sqIa9AcjErsQIvXBNyWy3xaiXuFXefImm5RefrEMd6KnWJ9Dmt2gXirWI0Jsczz/8mFAJ8E8y0aEI6yJ5tzZ/sgshg+U+zFyVp9OG5Jn8V8nZk I0PZNO2Rs4snvQwOh4NsZ7D9Zru//2Jx7jXykGyQTZKRXbJPXpMDMiKMfCY/yC/yO5HJl+Rr8u1cmnQWOQ/IiiXf/wJ8Kez1</latexit>

Speedup(n) ≤ p

<latexit sha1_base64="cW/y/BD2n48nuyQ0WDaJ+xYDbfA=">AAAC2XicZVHLbtNAFJ2YVwmPprBkMxAhFalEdlTabpAqYMGyiKapFEfReHydjjoztuZRiEZesENs2bKFPZ/D33DtJoi0Vxrr6NxzXz5ZJYV1cfynE924eev2nY273Xv3Hzzc7G09OrGlNxxGvJSl Oc2YBSk0jJxwEk4rA0xlEsbZ+dsmP74AY0Wpj92igqlicy0KwZlDatbrHc8+busX9DUdt6A76/XjQdwGvQ6SJeiTZRzNtjq/07zkXoF2XDJrJ8mwctPAjBNcQt1NvYWK8XM2h9AuXNPnSOW0KA0+7WjL/q+beFccTIPQlXegORZQTBZeUlfS5gyaCwPcyQVlnONgzxw2 5GfMMO7w3LWhaqGYO2uaVJgqNZO0ISzOVYrp3O5QWbKcZoAbAbVM2yb/dK3Jiq1puoLd1ICGT8suIS2YEnKRQ8G8dHVIbbHC652E18J9RtIKC85XAdd6qcoc0IWiOQCdwSwWo6ntvwmZZL4OZp7VIR4kr3baT3JFZCD/pzlASYxveKlJ34W0WdmokNd1Y3Jy1dLr4GQ4 SPYGux92+4dvlnZvkCfkGdkmCdknh+Q9OSIjwskF+UF+kl/RJPoSfY2+XUqjzrLmMVmL6PtfFnPj5w==</latexit>

TS(n) = WS(n)

<latexit sha1_base64="70th6pBGwzUWVRDIPD7T+bWHiKo=">AAAC7nicZVHLbhMxFHWGVwmPprBkY4gqpVKIZqIC3SBVwIIdQZCmUh1FHs+d1KrtGfkBRNZ8AXt2iC3bbuFL+Bs80wki7ZWudXTuuS/ftBTc2Dj+04muXb9x89bW7e6du/fub/d2HhyZwmkGU1aI Qh+n1IDgCqaWWwHHpQYqUwGz9Ox1HZ99Am14oT7aVQlzSZeK55xRG6hFb3e2mAzUHiZcYfJOwpIOMBni2eJDww7xXjfYotePR3Fj+CpIWtBHrU0WO51zkhXMSVCWCWrMSTIu7dxTbTkTUHWJM1BSdkaX4JstKrwbqAznhQ6uLG7Y/3UnzuYHc89V6SwoFhJwCOZOYFvg ejeccQ3MihWmjIXGjtpQkJ1STZkNf7DRVK4ktad1kTKECkUFrgkT+kpJVWaGWBQ0wymEiQAbqkwdf7xRZM1WmKxhl2hQ8Lmt4klOJRerDHLqhK08Mfkab1biTnH7JZCGG7Cu9GGsp7LIAL/Eeb1AOFeIhuRw6eZvfCqoq7xeppWPR8mzYfMkl0Qasn+agyCJg48vNOSN J/XIWvqsquojJ5dPehUcjUfJ89H++/3+4av23FvoEXqCBihBL9AheosmaIoY+orO0S/0Oyqjb9H36MeFNOq0OQ/RhkU//wJWsenz</latexit>

WP(n) ∈ Ω(WS(n) )

<latexit sha1_base64="RzFLR4quTvb+e6RjKEogAIZl4kU=">AAADT3icZVJNTxRBEO1d/ID1C/CIh1JiAhE3MwSVhJgQ5eBNDPKR0GRT01OzdOjpnnT3CJvOXP0//hSP/gfv3ow9665xoZKevHn1uqryqrNKSeeT5EenO3fr9p278wu9e/cfPHy0uLR85ExtBR0K o4w9ydCRkpoOvfSKTipLWGaKjrOL923++AtZJ43+7EcVnZU41LKQAn2kBotfuanIojdWY0nhoCLK66pZ0+vwFnhhUQQ4Hhy0/00A4B9LGuIa8I0pG9E6vIC9sSIKrByee7TWXEICfIfvAPd05QOgi3k9I+BSF37UizFYXE36yTjgJkgnYJVNYn+w1PnGcyPqkrQXCp07 TTcrfxbQeikUNT1eO6pQXOCQwtimBp5HKofC2Hi0hzH7v+609sX2WZC6qj1pES9ATBa1Am+gNQ9yaUl4NQIUIjau0ceC4hyjTT6aPNO0HJXoz9si0WBnNCpoCRf7liXq3G2AMphDRnEiAofatfmnM0WmbAN8CnvckqbLSZXACyylGuVUYK18E7grpni2kqy19FeRdNKR r6sQx3pZmpziots9t+8hZuPl+JTG3oRMYd0EO8yakPTTVxvjT3pNZCn/p9mOkiSezb8avhd4O7ItQ9407ZLT6yu9CY42++nr/tanrdXdd5N1z7MV9oytsZS9YbvsA9tnh0ywn53lzkrnSfd791f399xE2u1MwGM2E3MLfwDG1QqT</latexit>

Speedup(n) =
WS(n)

Ω(WS(n) ) + D(n)
→ 0 as n → ∞

<latexit sha1_base64="8tvE7BKzp/Ml0VX6HcWZLrX+ONc=">AAAC7HicZVHLbhMxFHWmPEp4pWWJkAyhUhFtNJMK6AYpEl10GaSmqdSJgsdzJ7Xq8Yz8AII1P8CaHWLLhk238Cd8AP/BnTwQaa9k6/rcc18+SSmFsWH4uxGsXbt+4+b6rebtO3fv3W9tbB6bwmkO A17IQp8kzIAUCgZWWAknpQaWJxKGyfmbOj58D9qIQh3ZaQmjnE2UyARnFqFx6+nRuL+tntHXNM40454O5+/K05JW9Dk9wNe41Q474czoVSdaOO3e3qd3fx5t/eiPNxoXcVpwl4OyXDJjTqNuaUeeaSu4hKoZOwMl4+dsAn62REW3EEppVmg8ytIZ+j/v1Nlsf+SFKp0F xTGBYjBzktqC1qvRVGjgVk4p4xwbO2axID9juJfFL1hpmk9zZs/qIiWGCsUkrQGDffOcqdTsUFmwlCaAEwE1TJk6/nilyBKtaLx0m7EGBR8WVXycsVzIaQoZc9JWPjbZ0l+tJJwS9iOCRhiwrvQ41m5epIDK1MLUamEUk1Ho2d/4RDJXeT1JKh92ohc7syu6RNKQ/uPs IyXE051z4gMf1yPr3KdVhRpHlxW96hx3O9HLzt7bqN07JHNbJw/JE7JNIvKK9Mgh6ZMB4eQzuSA/ya9ABV+Cr8G3OTVoLHIekBULvv8FjePt9g==</latexit>

TP(n) =
WP (n)

p
+ D(n)

<latexit sha1_base64="ruqege/8IBuBwhad7lqzwx8kL+Q=">AAADL3icZVLLbtNAFJ2YVwmvFDZIbAYipCJKZAe1dIOIoBJdBrVpKtVRNB5fp6OOZ6x5ANHIH8F/sIAPYY3YIFZIrNmCxNhJWtJeaawz55778L2TFJxpE4bfGsGFi5cuX1m52rx2/cbNW63V2/ta WkVhQCWX6iAhGjgTMDDMcDgoFJA84TBMjl9V/uFbUJpJsWemBYxyMhEsY5QYT41bk1gWoIiRSpAc3G4BkNqiXBOP8HMcZ4pQh/fGu9W9rFC/Rqe+4YnvlOnPmcILH+Pt+jZutcNOWBs+D6I5aPdefrz74sPP1/3xauNTnEpqcxCGcqL1YdQtzMgRZRjlUDZjq6Eg9JhM wNVzKPFDT6U4k8ofYXDN/q87tCbbGjkmCmtAUB+AvTOzHBuJq+nglCmghk8xodQXtsT4hPSI+D8zfopLRfNpTsxRlcRPUEtBOK4I7evmORGpXsdckhQn4DsCrInQlf/+UpIFW+J4AZuxAgHv5llcnJGc8WkKGbHclC7W2QIvZ2JWMPPek5ppMLZwvq0nuUzBb6taTbVw 7/XB/q3Us3EJJ7Z0apKULuxEG+v1JzojUpCeaLa8JPSnO9PE2y6uWla5S8tqx9HZjZ4H+91OtNl5+iZq93bQzFbQPfQAraEIPUM9tIP6aIAo+oJ+oz/ob/A5+Bp8D37MpEFjHnMHLVnw6x8E2ge3</latexit>

Speedup(n) = TS (n)
TP (n)

= WS (n)
WP (n)

p
+D(n)
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• Now, look at work-ef!cient parallel algorithms, i.e. 

• Then, 

• In this situation, we will achieve the optimal speedup of O(p), so long as 

• Consequence: given two work-ef!cient parallel algorithms, the one with the 

smaller depth complexity is better, because we can run it on hardware with 

more processors (cores) and still obtain a speedup of p over the sequential 

algorithm (in theory). 

We say this algorithm scales better.

27

<latexit sha1_base64="g4wnkhLsTTz7wRCRWNWqoh7atiY=">AAAC7XicZVHLbhMxFHWGVxkeTWHJxhCQWilEM1GBbpAqYMEyiKapVEeRx3MnseqxR34AkTU/wJ4dYssWlvAn/A2eaYJIe6VrHZ177ss3qwQ3Nkn+dKIrV69dv7F1M751+87d7e7OvWOjnGYwZkoo fZJRA4JLGFtuBZxUGmiZCZhkZ6+b+OQDaMOVPLLLCqYlnUtecEZtoGbdx5PZaFfuYcIlJkcLsHQXkz6ezN63bB/vxXE86/aSQdIavgzSFeihlY1mO52fJFfMlSAtE9SY03RY2amn2nImoI6JM1BRdkbn4NslavwkUDkulA4uLW7Z/3WnzhYHU89l5SxIFhJwCBZOYKtw sxrOuQZmxRJTxkJjR20oyBZUU2bDF2w0LZcltYumSBVCSlKBG8KEvmVJZW76WCia4wzCRIANlaaJP9wosmZrTNYwJhokfFxV8aSgJRfLHArqhK09McUab1biTnL7KZCGG7Cu8mGsp6XKAb/ERbNAuFaIhuRw6PZvfCaoq72eZ7VPBumzfvukF0Qa8n+agyBJgg/PNeSN J83IuvR5XTdHTi+e9DI4Hg7S54P9d/u9w1erc2+hB+gR2kUpeoEO0Vs0QmPE0Gf0A/1CvyMVfYm+Rt/OpVFnlXMfbVj0/S8veens</latexit>

WP(n) ∈ Θ(WS(n) )

<latexit sha1_base64="jUReZbL6OiomeGc0BvMUTpPKEvo=">AAAC8nicZVHLbhMxFHWGVwmPprBkcyFCaqUSzUQFukGqoAuWRSJNpU4UeTx3Uqsee+QHEFnzDezZIbZsWLCF7+Bv8EwniLRXsn117rkvn6wS3Ng4/tOLrl2/cfPWxu3+nbv37m8Oth4cG+U0wwlT QumTjBoUXOLEcivwpNJIy0zgNDt/08SnH1AbruR7u6xwVtKF5AVn1AZoPtipIOUS0owvlIe00JR5mG7LHag9HLYv1P3G5oNhPIpbg6tO0jlD0tnRfKv3I80VcyVKywQ15jQZV3bmqbacCaz7qTNYUXZOF+jbTWp4GqAcCqXDkRZa9H/eqbPF/sxzWTmLkoUECMHCCbAK mv0g5xqZFUugjIXGjtpQkJ3RsJgN/7DWtFyW1J41RaoQUpIKaAAT+pYllbnZBaFoDhmGiRAMlaaJP14rskJrSFduP9Uo8WNXxacFLblY5lhQJ2ztU1Os/PVK3EluPwXQcIPWVT6M9axUOcIraJRpJAvRkBzUbv/GZ4K62utFVvt4lDzfba/kEklj/o+zHyhxOOMLTnro 02ZkXfq8rhuRk8uSXnWOx6PkxWjv3d7w4HUn9wZ5RJ6QbZKQl+SAvCVHZEIY+Ux+kl/kd2SjL9HX6NsFNep1OQ/JmkXf/wIvd+yY</latexit>

p ∈ O
(W (n)

D(n)

)

<latexit sha1_base64="TYHFTH+Hc0t1AFm8oz99UCN0RhU=">AAADFHicZVJLb9NAEN6YVwmvtBy5LBSkItrIDqL0glSJHirBoaikqVRH0Xo9Tlfdh7UPIFr5H3CGv4E4wwlx5QxH+CWsnQSRdKS1Zr75ZmZ3PmclZ8bG8a9WdOHipctXVq62r12/cfNWZ3XtyCin KfSp4kofZ8QAZxL6llkOx6UGIjIOg+zseZ0fvAFtmJKv7aSEoSBjyQpGiQ3QqPMyVSVoYpWWRIA/LAFyV1Yb8iF+htNCE+rxoI4qj5fjElf4Ed5rIlzbqLMed+PG8HknmTnruy++3qfvPx4ejFZbn9JcUSdAWsqJMSdJr7RDT7RllEPVTp2BktAzMgbfPLbCDwKU40Lp cKTFDfo/78TZYmfomSydBUlDAQ7JwnFsFa5XgHOmgVo+wYTSMNgRGxrSUxIeZ8OqFoaKiSD2tG4S1mSUJBzXgAlzhSAyN5uYK5LjDMKNABsiTZ2/u9BkjlY4nbvtVIOEt7MuPi2IYHySQ0Ect5VPTTH3FzsxJ5l9F0DDDFhX+nCtLaFyCHLV6tSqhmwoDj9EsxufceIq r8dZ5eNu8mSz+SRLJA35P85OoMTh9KacdM+n9ZW18HlVBY2TZUXPO0e9brLdffwqiL2PpraC7qB7aAMl6CnaRfvoAPURRZ/RT/Qb/Yk+RF+ib9H3KTVqzWpuowWLfvwF8jP9bg==</latexit>

Speedup(n) =
W (n)

W (n)
p

+ D(n)
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Limitations of Brent's Theorem

• Brent's theorem is based on the PRAM model 

• That model makes a number of unrealistic assumptions: 

• Memory access has zero latency 

• Memory bandwidth is in!nite 

• No synchronization among processors (threads) is necessary 

• Arithmetic operations cost unit time 

• With current hardware, rather the opposite is realistic

28
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Using Tensor Cores for Scan/Pre!x Sum and Reduction

• Reduction (                 ) could be formulated as matrix multiplication: 

• Regular segmented reduction of length 16:

29

<latexit sha1_base64="C5XP6NiGpm9UUqREIVST+OqmivA=">AAAC3HicZVE7bxNBEF4fr2AecYCOZsFCShGsO6OENEiWoEiFgoSTSDljze3N2avs7p32Adir6+gQLTUtVPwdKv4GJXu2g3Ay0qw+ffPNayerBDc2jn+1oitXr12/sXGzfev2nbubna17R6Z0muGQ laLUJxkYFFzh0HIr8KTSCDITeJydvWzix+9RG16qt3ZW4UjCRPGCM7CBGncepFOwHmr6gqbGyTGnMObjTjfuxQujl0GyAt3B9vzP7/lrfzjeav1M85I5icoyAcacJv3Kjjxoy5nAup06gxWwM5igXwxd0yeBymlR6uDK0gX7v+7U2WJ/5LmqnEXFQgINwcIJakvarEJz rpFZMaPAWGjswIaCbAoamA0rrzWVMwl22hSpQqhUIGhDmNBXSlC52aGihJxmGCZCakCZJv5orcg5W4e/WsF2qlHhh1UVnxYguZjlWIATtvapKc7xeiXuFLcfA2m4QesqH8Z6KsscwyGKZoFwnRANyeGwi7/xmQBXez3Jah/3kt2dxZNcEGnM/2n2gyQO3l9q0lc+bUbW 0ud1HW6cXLzoZXDU7yV7vWdvku7ggCxtgzwkj8k2SchzMiAH5JAMCSNz8o18Jz+id9Gn6HP0ZSmNWquc+2TNoq9/ATwg6xo=</latexit>

â =

∑
i
ai

<latexit sha1_base64="PfD8rhmBT7PIgLlkzWwIsu6h7Qg=">AAADzXicjVLLbhMxFJ1pCpTwaAtLNoaKqosSzaQCukGqBIvuKBJpK9VRdMfjSdx4PCM/CsEMW9Zs4Sf4nf4Nd6ZJS1JRYelax/fcl32clFIYG0Xn4VJr+dbtOyt32/fuP3i4urb+6NAUTjPeY4Us 9HEChkuheM8KK/lxqTnkieRHyfhtzR+dcW1EoT7aScn7OQyVyAQDi67BerhMR2A9VOQNadOED4XyZQ5Wi89VOyabZGZUpoU1zYHSdoRgZpdMVDP0rDndHMNVetVlsSsM4n9mwqB7A7eDkFwNAAP1nyMM1jaiTtQsch3EU7Cxt/Xl/PQ03DzAd/tN04K5nCvLJBhzEndL 2/egrWCS46Wc4SWwMQy5b1SqyHN0pSQrNJqypPH+HXfibLbb90KVznLFMIEgmTlJbEFq7UgqNGdWTggwho0dWCzIRqCBWdR4rmk+wcuN6iIlUoUCSWqHwb55Dio120QWkJKE40ScGFCm5p/OFZl5K0JnsE01V/zTtIqnGeRCTlKegZO28tRkMzxfSTglbK22EYZbV3oc 60VepBw/XlZfAL8jspiMP7l5G59IcJXXw6TyUSd+ud1s8UKQ5ullzC6GRGjdixj6ztN6ZJ37tKpQ43hR0evgsNuJX3V2PqDY+8HFWgmeBM+CrSAOXgd7wX5wEPQCFo7DH+HP8Ffrfcu1vra+XYQuhdOcx8Hcan3/A4npKuQ=</latexit>

â =











1 1 1 . . . 1

0 0 0 . . . 0
...

0 0 0 . . . 0





















a1 0 0 . . . 0

a2 0 0 . . . 0

a3
...

an 0 0 . . . 0











. . .

. . .

16 elements 16 elements 16 elements

<latexit sha1_base64="CdoOy6F+4wKn3iDml2F838YRiJw=">AAACynicZVHJbhQxEPU0Wxi2BI5cDBEShzDqHkSSS6RIcMiBQ5CYJFJ6GFW7q2eseGl5CbSsljhw5gqfwe/wB3wG7lkQk5Rkq/Teq6pnV1ELbl2a/u4lN27eun1n427/3v0HDx9tbj0+sdobhiOmhTZnBVgUXOHIcSfwrDYIshB4Wly87fjTSzSWa/XRNTWOJUwVrzgD10G59XKyuZ0O0nnQ60m2TLYPdw++fpqkf44nW71feamZl6gcE2DteTas3TiAcZwJbPu5t1gDu4AphrnFlr6IUEkrbeJRjs7R/3Xn3lX748BV7R0qFgtoJCsvqNO0M05LbpA50VBgLA724GJDNgMD zMUHrg2VjQQ365rUkdIKBO0AG+dKCaq0O1RoKGmB0RFSC8p2/LO1Jiu0pfkq7ecGFX5edgl5BZKLpsQKvHBtyG21ytc7ca+4+xJByy06X4do65XUJdIDWnUPiLuIbCyOa5z/TSgE+DaYadGGdJC92Zlf2RWRwfKfZj9K0niGC03+LuSdZSND2bZxx9nVjV5PToaDbHfw+kNc9hFZxAZ5Sp6TlyQje+SQHJFjMiKMzMh38oP8TN4nJmmSsJAmvWXNE7IWybe/yAjj1A==</latexit>∑ <latexit sha1_base64="CdoOy6F+4wKn3iDml2F838YRiJw=">AAACynicZVHJbhQxEPU0Wxi2BI5cDBEShzDqHkSSS6RIcMiBQ5CYJFJ6GFW7q2eseGl5CbSsljhw5gqfwe/wB3wG7lkQk5Rkq/Teq6pnV1ELbl2a/u4lN27eun1n427/3v0HDx9tbj0+sdobhiOmhTZnBVgUXOHIcSfwrDYIshB4Wly87fjTSzSWa/XRNTWOJUwVrzgD10G59XKyuZ0O0nnQ60m2TLYPdw++fpqkf44nW71feamZl6gcE2DteTas3TiAcZwJbPu5t1gDu4AphrnFlr6IUEkrbeJRjs7R/3Xn3lX748BV7R0qFgtoJCsvqNO0M05LbpA50VBgLA724GJDNgMD zMUHrg2VjQQ365rUkdIKBO0AG+dKCaq0O1RoKGmB0RFSC8p2/LO1Jiu0pfkq7ecGFX5edgl5BZKLpsQKvHBtyG21ytc7ca+4+xJByy06X4do65XUJdIDWnUPiLuIbCyOa5z/TSgE+DaYadGGdJC92Zlf2RWRwfKfZj9K0niGC03+LuSdZSND2bZxx9nVjV5PToaDbHfw+kNc9hFZxAZ5Sp6TlyQje+SQHJFjMiKMzMh38oP8TN4nJmmSsJAmvWXNE7IWybe/yAjj1A==</latexit>∑ <latexit sha1_base64="CdoOy6F+4wKn3iDml2F838YRiJw=">AAACynicZVHJbhQxEPU0Wxi2BI5cDBEShzDqHkSSS6RIcMiBQ5CYJFJ6GFW7q2eseGl5CbSsljhw5gqfwe/wB3wG7lkQk5Rkq/Teq6pnV1ELbl2a/u4lN27eun1n427/3v0HDx9tbj0+sdobhiOmhTZnBVgUXOHIcSfwrDYIshB4Wly87fjTSzSWa/XRNTWOJUwVrzgD10G59XKyuZ0O0nnQ60m2TLYPdw++fpqkf44nW71feamZl6gcE2DteTas3TiAcZwJbPu5t1gDu4AphrnFlr6IUEkrbeJRjs7R/3Xn3lX748BV7R0qFgtoJCsvqNO0M05LbpA50VBgLA724GJDNgMD zMUHrg2VjQQ365rUkdIKBO0AG+dKCaq0O1RoKGmB0RFSC8p2/LO1Jiu0pfkq7ecGFX5edgl5BZKLpsQKvHBtyG21ytc7ca+4+xJByy06X4do65XUJdIDWnUPiLuIbCyOa5z/TSgE+DaYadGGdJC92Zlf2RWRwfKfZj9K0niGC03+LuSdZSND2bZxx9nVjV5PToaDbHfw+kNc9hFZxAZ5Sp6TlyQje+SQHJFjMiKMzMh38oP8TN4nJmmSsJAmvWXNE7IWybe/yAjj1A==</latexit>∑

P
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Algorithm for regular 16-segmented reduction

• Each warp loads parts of input array of size 256 = 16 segments of size 16, 

then performs a warp-level MMA (i.e., uses the tensor cores)

30

Reduction16( in array A, out array R ): 

fragment_a ⟵ init matrix P 
idx = global offset into A for each warp 
fragment_b ⟵ load tile A[idx..idx+255] in column major 
M = P⋅A + 0                   // = mma_sync() in CUDA 
if lane index < 16: 
  R[ idx/16 + lane-index ] = M[lane-index]

0= AV 0 P
1

1

2

3
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Extension to Scan Over 256 Elements

• Input: V = V[0], ..., V[255] 

• Load V in to 16×16 matrix A in row-major order: 

• De!ne upper right 1-matrix: 

• Multiplication yields row-wise inclusive scan, i.e., regular segmented inclusive 

pre!x sum:

31

<latexit sha1_base64="p045C7aDAL6HqlBmgH8CT/eqlyE=">AAADcXicbVJbb9MwFE5aLiNc1gEviBezAULaqJKisb0MJoHEHodEt0nzVDn2SWfNcSLbGRQrP4gXxN/hkd/AH+AkbWHdsHSsc75zv6SlktbF8c+w0712/cbNpVvR7Tt37y33Vu4f2KIyHIa8UIU5 SpkFJTUMnXQKjkoDLE8VHKZn7xr94TkYKwv9yU1KOMnZWMtMcuYQGvW+DckOiajNmVKUGcMmGNNCuRP3ty7KEU1hLLUvc+aM/FJHCXlOGqJKFM62AqVR/F+Uns8k0qhEKzTcFJ65xVfdQIt/CUe9tbgft49cZZIZs7b79OuvD98f+v3RSviDioJXOWjHFbP2OBmU7sQz 4yRXUEe0wsYYP2Nj8O0ka/IMIUGywiBpR1r0ot1x5bLtEy91WTnQHB0IKrNKEVeQZr5ESAPcqQlhnGPiijkMyE+ZYdzhHhaS5hNs7rQJUqKq0EyRBrCYN8+ZFnaDqIIJkgJWBMQybRv9k4Ugc7QmdM5G1ICGz7MonmYsl2oiIGOVcrWnNpvzi5FkpaXDUVMrLbiq9FjW y7wQgDeSNQ3gyaAWnfHa2tn4VLGq9mac1j7uJ5sb7ZdcMjIg/tpso0mMNJja0PeeNiWb3Iu6xh0nlzd6lTkY9JPX/Vcfcdl7wfQtBY+D1eBFkARbwW6wF+wHw4CHy+Fm+CZ82/ndfdQl3dWpaSec+TwIFl53/Q8kEBSn</latexit>

U =









1 1 . . . 1

0 1 . . . 1

...
. . .

...

0 0 . . . 1









<latexit sha1_base64="jr4QAlTdAxmJZGNfERqne935WMw=">AAADsnicbVLbbtNAELUbLiXcUnjkZaEC8RAi24VQIVUqgoc+Bom0Ed0oGq/X6arrtbW7DkQrC/4IfocvQOInYJwbScNIax3PnDkzuzNxIYWxQfDT32lcu37j5u6t5u07d+/db+09ODV5qRnvs1zm ehCD4VIo3rfCSj4oNIcslvwsvnxXx88mXBuRq492WvBhBmMlUsHAomvU+v2WHJEmNRlISUFrmKKm4cVR0DlY/2/SmI+FckUGVosvVRNGLmyHFXlGZiiqEZVJbs3SFXYrQmlNjFbEaJsYLYl0snAubR0tgnO9sPuvcvc/pbsrSa6SVcuj1n7QCWZGtkG4APvH4ffg15/B m95oz/9Bk5yVGVeWSTDmPIwKO3SgrWCSV01a4ssAu4Qxd7NRVOQpuhKS5hqPsmTmXeedlzY9HDqhitJyxTCBYDAtJbE5qQdEEqE5s3JKgDEsXIJFQXYBGpjFQW4UzaZ4t4tapMBQrkCS2mGwbpaBSkybyBwSEnPsiBMDytTxxxsiSy++2BI2qeaKf16oOJpCJuQ04SmU 0laOmnSJN5VEqYTF5aBGGG7LwmFbL7I84bhkaX0B3DmMYjKu6+xtXCyhrJwex5ULOuGr9uwTXiFpnqw4h0gJ8ERzDn3vaN2yzlxS1TMOr050G5xGnbDbOfiAwz7x5rbrPfKeeM+90HvtHXsnXs/re8zv+RP/q/+t8bLxqQENNqfu+Iuch96GNeRfGdYppQ==</latexi t>

A =









a1,1 a1,2 . . . a1,16

a2,1 a2,2 . . . a2,16

.

.

.

.

.

.

a16,1 a16,2 . . . a16,16









<latexit sha1_base64="JLgW8Uaj7K+4hwWJZFaOqZDTcTs=">AAAD63icjVJLbxMxEN5teJTwaAtHLqYViEOI1kEJvUQqgkMPHIpE2kp1Gnm93sSt7V3Z3kJk7QVOnLkhrpzhBvwOTvwbZvOokvbSkbz6dr5vxuOZiXMprIuif+FK7dr1GzdXb9Vv37l7b2194/6+ zQrDeI9lMjOHMbVcCs17TjjJD3PDqYolP4hPX1X8wRk3VmT6nRvnvK/oUItUMOrANdgIN18iwpLMoR7qojqxikpJqDF0DMktz7tRs734TwzX/D3LlKI6mRLWGe7YyONmu6yTmA+F9rmizogPZZ0OPG7gEqEniEi4x1bAFmrgT7q4PPa4U6KJ5qREhFTy1hXkrZmcnM00 c1tEM3KaFXeuUkVnnpfr5PwNg/WtqBlNDF0GeAa2dt7kHz/9Pf61B139SZKMFYprxyS19gi3ctf31DjBJIcmFdBJyk7pkPvJDEv0GFwJSjMDRzs08S7qjgqXbve90HnhuGYQgIBMC4lchqrJokQYzpwcI8oYXFxQBwnZiBrKHGzA0qVqDG8bVUlyoDJNJaocFs0GaxtIZjRBMYeKOLJU24p/tJRk7oWOzWF9aT08SakScpzwlBbSlZ7YdI6XM4lCCwfbQqyw3BW5h7KeqSzhsJRp9QBYVmAhGPZ80hsfS1qU3gzj0kdN3G5MPviCyPDkXLMNkghOa6ohrz2pSjbKJ2U1Y3xxopfBfquJO83nb2HYu8HUVoOHwWbwNMDBi2An2A32gl7Aws/hj/B3 +Kemal9qX2vfptKVcBbzIFiy2vf/PxFDYA==</latexit>

A·U =















a1,1 . . .

∑16
j=1 a1,j

a2,1 . . .

∑16
j=1 a2,j

.

.

.

.

.

.

a16,1 . . .

∑16
j=1 a16,j
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• Multiplication of A with lower-left 1-matrix (0's on the diagonal here!) yields 

a column-wise, exclusive pre!x sum: 

• Multiplication at right-hand side with an all-1-matrix yields row-wise 

reduction; all elements in the same row in the output matrix will be equal

32

<latexit sha1_base64="Cmr+ycrEaw1ZhcTxM4MPjEaGSnc=">AAADcHicbVJLb9QwEE66PEqAsgUOSBxwKSCEyipZHu1lUSWQ6IFDkdi2Ul2tHHuyteo4ke0UFiv/hxPi73DkL/ALmGR3q26LpbFmvnk/0lJJ6+L4d7jUuXL12vXlG9HNW7dX7nRX7+7ZojIchrxQ hTlImQUlNQyddAoOSgMsTxXspyfvG/3+KRgrC/3FTUo4ytlYy0xy5hAadX98IgMSUZszpSgzhk0wpoVyEPc2z8sRTWEstS9z5oz8VkcxeUYaokoUzrYCpVHyX5SeziTSqEQrNNwUnrkll91Ai7OEo+563IvbRy4zyYxZ337y/c/Hn/f97mg1/EVFwasctOOKWXuY9Et3 5JlxkiuoI1phX4yfsDH4dpA1eYqQIFlhkLQjLXre7rBy2daRl7qsHGiODgSVWaWIK0gzXiKkAe7UhDDOMXHFHAbkx8ww7nANC0nzCfZ23AQpUVVopkgDWMyb50wLu0FUwQRJASsCYpm2jX5tIcgcrQmdsxE1oOHrLIqnGculmgjIWKVc7anN5vxiJFlp6XC11EoLrio9 lvUyLwTgiWRNA3gxqEVnPLZ2Nj5VrKq9Gae1j3vJm432Sy4YGRBnNltoEiP1pzb0g6dNySb3om52nFzc6GVmr99L3vZefcZl7wTTtxw8DB4Hz4Mk2Ay2g51gNxgGPFwJX4eD8N3S386DzqPO2tR0KZz53AsWXufFP42eFIc=</latexit>

L =









0 0 . . . 0

1 0 . . . 0

...
. . .

...

1 1 . . . 0









<latexit sha1_base64="ksddkWmBDpULDVWGW6uT8scw6LI=">AAAEMnicbVNLb9QwEM52eZTl0RaOXFyqIiRKFG/p0stKRXDooYci0YdUb1eO42zdOk5kO9CVlQv8IQ5I/A0kTnBDXDlzhUnSLtm2liYaz/fN57FnEmZSGBsE31sz7WvXb9ycvdW5fefuvbn5hfu7 Js014zsslaneD6nhUii+Y4WVfD/TnCah5HvhyasS33vHtRGpemvHGR8kdKRELBi1EBoutMQWIixKLXqJ+qhDTEKlJFRrOgZxw7N+4K8198tEc8XfszRJqIpqxFjNLTty2H9edEjIR0K5LKFWi9OiEyD0GAVgRMIxptoQ0qFDh1dwUYKV2y2alBrtFU0mWXxKFkukW+7+ pzXitUhUiZTKDZ1Gcq9ikQPsr/LTAdw5T4buuI+LQ4fXijrnuKgErsC6JQbSk1qvyu8BCUonXEWTlxjOLwV+UC102cFnztLGVvbh47fDL9vQnE8kSlmecGWZpMYc4G5mB45qK5jk8NQ5NISyEzrirhqFAi1DKEJxqsGURVW0yTvIbbw+cEJlueWKQQICMM4lsikqBwRF QnNm5RhRxuDgnFoQZEdUU2ZhkKYOTcZwt6NSJAMoVVSiMmDQ2XiYFSRTGqGQQ0UcGapMiS9OiZxHoUnnbmdqyByJaSLkOOIxzaUtHDHxuT+tJHIlLMwcMcJwm2cOynqWpBGH2Y7LC8DMAwrJ8LtUb+NCSfPC6VFYuMDHayvVB18gaR5NOOtACcC6NYe8dqQsWScuKsoe 44sdvezsdn3c81ffQLM3vXrNeg+9R94TD3svvA1v09v2djzW+tr60/o747U/t3+0f7Z/1dSZ1lnOA29qtX//A8kHV9Q=</latexit>

L·A =











0 0 . . . 0

a1,1 a1,2 . . . a1,16

a1,1+a2,1 a1,2+a2,2
. . . a1,16+a2,16

∑15
j=1 a1,j

∑15
j=1 a2,j . . .

∑15
j=1 a16,j











<latexit sha1_base64="gF96qEptv4YtWPHyb3n+Hv4CLiY=">AAADcHicdVJbb9MwFE5aLqPA6IAHJB7wGKAJjSopl+2laBJITDwNiW6T5qly7JPOmuNEtjMoVv4PT4i/wyN/gV/ASdpO66ZZOtY537lfkkJJ66LoT9hqX7t+4+bSrc7tO3eX73VX7u/ZvDQchjxX uTlImAUlNQyddAoOCgMsSxTsJycfav3+KRgrc/3VTQo4ythYy1Ry5hAadX9+JgPSoTZjSlFmDJtgTAvFIOptnpc7NIGx1L7ImDPye9WJyQtSE1Uid7YRKL0CpaczidQq0Qg1N4WvdgMtzhKOumtRL2oeuczEM2Zt+9mPv59+PfS7o5XwNxU5LzPQjitm7WHcL9yRZ8ZJ rqDq0BL7YvyEjcE3g6zIc4QESXODpB1p0PN2h6VLt4681EXpQHN0IKhMS0VcTurxEiENcKcmhHGOiUvmMCA/ZoZxh2tYSJpNsLfjOkiBqlwzRWrAYt4sY1rYDaJyJkgCWBEQy7St9asLQeZoReic7VADGr7NoniaskyqiYCUlcpVntp0zi9GkqWWDldLrbTgysJjWa+y XACeSFo3gBeDWnTGY2tm4xPFysqbcVL5qBe/3Wi++IKRAXFms4UmEVJ/akM/elqXbDIvqnrH8cWNXmb2+r34Xe/1F1z2TjB9S8Hj4GmwHsTBZrAd7AS7wTDg4XL4JhyE71v/2o/aT9qrU9NWOPN5ECy89sv/l8IUiw==</latexit>

J =









1 1 . . . 1

1 1 . . . 1

...
. . .

...

1 1 . . . 1
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• Multiplication of L⋅A with J yields reduction of all elements in A before that 

row: 

• Add the segmented scan A⋅U , resulting in the inclusive pre!x sum over 256 

elements:

33

<latexit sha1_base64="PSe+1v9WE8NxmHHktZY1e1uIVyw=">AAAEM3icdVNLb9QwEM7u8ijLoy0cuRiqIg4lSlpaelmpCA4V6qFI9CHV25XjTLbeOk5kO6UrKxf4Q1wQvwNxQtwQV85cmWS3sNuHJSfj+b6ZcWa+RLkUxgbB90azde36jZszt9q379y9Nzs3f3/X ZIXmsMMzmen9iBmQQsGOFVbCfq6BpZGEvej4VYXvnYA2IlPv7DCHbsr6SiSCM4uu3nxjsEUojzNLXo7fb0iHtKlJmZSUac2GWMRA3gn81cnzItWg4D3P0pSpeIQYq8HyIxf6z8s2jaAvlMtTZrU4LdsBIU9IgJtKLGPqA6UHob8Cp10sWKQ9JzqD8tCFayVhPRcuDcoq 5ipoItNVFErb9GTMqVPF9aGyRu6KUMcOOuFE7NpU6UuwC7Uv4VS5QcX/O9CbWwj8oF7kohGOjYWNrfzDx2+HX7ZxOp9onPEiBWW5ZMYchMu57TqmreASsMcFToLxY9YHV2uhJIvoikmSadzKkto7yTsobLLedULlhQXFMYAgmBSS2IxUCiGx0MCtHBLGORYumMWE/Ihp xi0qaapoOsSPO6qS5AhliklSOQwZ68IsEZmxmESANwJimDIV/mgqyZkXW3ZmtqfU5WjCUiGHMSSskLZ01CRn9nQmUShhsdXUCAO2yB1e61maxYCiTqoPQNEjisH4v9S9cZFkRel0Pypd4IerS/UjPEfSEP/jrCMlwL084tDXjlZX1qmLyxJnHJ6f6EVjd9kP1/yVtzjs TW+0ZryH3mPvqRd6L7wNb9Pb9nY83vja+NP0mo3W59aP1s/WrxG12RjHPPCmVuv3X8WeXog=</latexit>

L·A·J =











0 0 . . . 0

∑16
i=j a1,j

∑16
i=j a1,j . . .

∑16
i=j a1,j

...
. . .

...
∑16

j=1 a16,j

∑16
j=1 a16,j . . .

∑16
j=1 a16,j











<latexit sha1_base64="9pDcfDKo2G8l++PcwdHXfTIDt+E=">AAAC6XicZVFLaxRBEO4dX3GNuolHLx0XQTAuMytqLkJED0E8RHCTQGZZenpqNs32dA/9UJdmzp48eBHxmrPgSe/+C/+NNfsIblLQ3R9fffXqyioprIvjv63o0uUrV6+tXW/fWL9563ZnY/PAam84 DLiW2hxlzIIUCgZOOAlHlQFWZhIOs8nLxn/4HowVWr1z0wqGJRsrUQjOHFKjztYbmvJcO/pi8b6mD8/wgD6n7VGnG/fimdGLIFmA7u761+7n0z+b+6ON1s8019yXoByXzNrjpF+5YWDGCS6hbqfeQsX4hI0hzCao6X2kclpog0c5OmP/1x17V+wMg1CVd6A4BlB0Fl5S p2kzF82FAe7klDLOsbBnDhPyE2YYdzj/StFyWjJ30iSp0KUVk7QhLNYtS6Zyu02lZjnNADsCapmyjX9rJcmSrWm6hO3UgIIPiywhLVgp5DSHgnnp6pDaYolXMwmvhPuIpBUWnK8CtvWo1Dng/xfNALgq9GIwbnn2NyGTzNfBjLM6xL3kyfbsSs6JDORnmh2UxHj6c036 KqRNy6YMeV3jjpPzG70IDvq95Gnv8Vtc9h6Z2xq5S+6RByQhz8gu2SP7ZEA4+UR+kF/kdzSJvkTfou9zadRaxNwhKxad/gMuhuyo</latexit>

L·A·J + A·U =

<latexit sha1_base64="/Kdfxfj/LWF1pSuaEQDGhtK3vFI=">AAAEf3iclVNLb9QwEM4uC5Tl1cIRIRkqHlKXVbyoSzlUqlQOPRSpSGxbqd6uHGeydes4ke2Urqxc4A9xgh/CiX+DnU2rbh8gLDn5MvPNNzMZO8oF1yYMfzeaN1o3b92eu9O+e+/+g4fzC4+2dVYo BgOWiUztRlSD4BIGhhsBu7kCmkYCdqKjde/fOQaleSY/m0kOw5SOJU84o8aZRguNHySCMZc2T6lR/KRs05HFHVwi9BLVcKl690pnISLOjPZAF+nIHq7ict/ifjmlHpaIkD3c7cHJsH0dY8mjXp3h36QaXZWdV2HOc4UKnxbTJsd1SJUtrj48mpo94ZwUXr5eq6oD92fq /q+oU3h9Jz7wb62AjM/GNJpfDLthtdBlgGuwuLaZf/32a//nlpv0dxJnrEhBGiao1nu4l5uhpcpwJqBsk0JDTtkRHYOtzlWJXjhTjJJMuS0NqqzneXuFSVaGlsu8MCCZC0DOmRQCmQz504ZiroAZMUGUMZe4oMYJsgOqKDPuVM4kTSeutwMvkjtXJqlA3qBd3jSlMtYdJDIaowhcRYA0ldr7n82InFr9n6xhmyiQ8KVWsSShKReTGBJaCFNaopNTPKvEC8mNuxBEcw2myK0r602axYBWUeIbcBfIeV2wu3vVv7GRoEVp1TgqbdjFy53qgS+QFMRnnBVHCd3uTTnkgyW+ZJXauPQzxhcnehls97q43337yQ17I5iuueBJ8Dx4HeDgXbAWbARbwSBg zafN9eZm82Or0XrV6rbCKbXZqGMeBzOr9f4Pz8Bwgw==</latexit>













a1,1 a1,1 + a1,2 . . .

∑16

j=1
a1,j

∑16

j=1
a1,j + a2,1

∑16

j=1
a1,j + a2,1 + a2,2 . . .

∑2

i=1

∑16

j=1
ai ,j

...
. . .

...
∑15

i=1

∑16

j=1
ai ,j + a16,1

∑15

i=1

∑16

j=1
ai ,j + a16,1 + a16,2 . . .

∑16

i=1

∑16

j=1
ai ,j
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Extension to Scan Over Whole Block and Grid

• Per block: precondition is N = b⋅256 , b ≤ 256 (for sake of simplicity) 

• Per grid: 

• Launch 3 kernels for 3 phases, similar to above procedure 

• First, block-wise (i.e., segmented) scan, gather last values of each segment (= 
reduced blocks) in intermediate array; second, pre!x-sum over those values; third, 
distribute and accumulate values from intermediate scan to blocks

34

PrefixSumN( in array A, out array S ): 

perform warp-level prefix-sum's over segments of A, 256 elements each 
gather last element of each segment in array R 
sync all threads within block 
warp 0 performs exclusive prefix sum over R 
sync all threads within block 
all threads add R[warpIdx-1] to "their" element and output it to S
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Performance for Segmented Pre!x Sum

35

N = 231 elements

89% - 97% of theoretical peak throughput
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Digression: Radix-Sort

• Modeled after sorting machines of post routing 

centers (but with a twist!) 

• Disadvantages: 

• Not generic like Quicksort, which require only a 
compare operator on pairs of elements 

• Works only on elements with a known, pre-
de!ned, !xed-length numeric representation 
(e.g., 32 bits) 

• Different representations require different 
versions of radix sort 

• Advantage: very ef!cient!

36
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• Observation: integers can be represented with any base r 

• Naive (intuitive) idea: 

• Sort all elements according to the most signi!cant digit into bins (one bin per digit) 

• Sort bin 0 using radix sort recursively 

• Sort bin 1 recursively, etc. … 

• This is called MSD radix sort (MSD = most signi!cant digit) 

• For the algorithm on the next slide: 

• Choose radix r and !x it 

• De!ne  z(t,a) = t-th digit of number a when represented over base r, 
where t=0 denotes the least signi!cant digit (usually the right-most digit)

37



G. Zachmann Prefix-SumMassively Parallel Algorithms SS May 2022

The Algorithm (in Python)

38

A = array of numbers 
i = current digit used for sorting ( 0 <= i <= d-1 )  
d = total number of digits (same for all keys) 
def msd_radix_sort( A, i, d ): 

    # init array of r empty lists = [ [], [], [], … ] 
    bin = r * [[]] 

    # distribute all A's in bins according to z(i,.) 
    for j in range(0, len(A) ): 
        bin[ z(i, A[j]) ].append( A[j] ) 

    # sort bins 
    if i >= 0: 
        for j in range(0, r): 
            msd_radix_sort( bin[j], i-1, d ) 

    # gather bins 
    A = [] 
    for j in range(0, r): 
        A.extend( bin[j] ) 
        bin[j] = []

Optional
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Example

• Keys = integers with 64 bits 

• Size of input = 224 (ca. 16m) 

• We choose r = 28 = 256 as base 

• E.g. "digits" = characters in !xed-length strings 

• On the !rst recursion level, the algo checks the left-most byte of the keys 

and distributes each key into one of 256 bins 

• Average (expected) size of the bins (assuming uniform distribution of the 

keys) = 224 / 28 = 216 =

39

65536
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• Recursion tree: 

• Problem: in each recursion, we need to save r-1 many bins (the remaining 

bin is passed down to the recursively called function) 

• Lots of house keeping necessary 

• Solutions: either use marker arrays like with Counting Sort 

• Or, use arrays of lists (lots of allocations / deallocations)

40
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Solution: LSD Radix-Sort (aka. Backward Radix-Sort)

• First, sort according to least-signi!cant digit, then according to least but 

second digit, etc.; do all of this in place, no auxiliary arrays needed! 

• Let d = number of digits, digit 0 = least-signi!cant one 

• The algorithm: 

• Use, e.g., Counting Sort inside the loop (check your Data Structures & 
Algorithms course)

41

lsd_radix_sort( A ): 
  for i = 0, ..., d-1: 
    do a stable sort on A with the 
      i-th digit of the elements as the key
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Example

• Sort 12 letters according to the post code (zip code) 

• In the !rst iteration, consider only the last digit 

• Notice: letters with the same digit did not change their position relative to each other!

42

Letters before the !rst iteration Letters after the !rst iteration
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• Sort by last but second digit

43

Letters before the second iteration Letters after the second iteration
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Letters after the !fth iteration
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Parallel Radix Sort, Based on the Split Operation

• We can use base=2 (radix=2); nice consequence: we only need to maintain 

2 bins, and we can re-use the input array to hold both bins 

• The split operation: rearrange elements according to a "ag 

• Note: split maintains order within each group! (i.e., it is stable) 

• Use double buffering to prevent expensive synchronization among threads

45

Flags, i.e., the i-th bits of the keys 
(Usually, there are payload data, 
too; omitted here)

11100000

01001001
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• Radix sort (massively parallel): 

 

 

 

where split(i,a) rearranges a by moving all keys that have bit i = 0 to 

the front, and all keys that have bit i = 1 to the back (bit 0 = LSB) 

• Reminder: stability of split  is essential! 

• Note: main job of the split operation is to compute "which key goes where" 

• Hint: the pre!x-sum is probably up to the job :-) 

46

radix_sort( array a, int len ): 
  for i = 0...numbits-1:  // important: go from low to high bit! 
    split(i, a)           // split a, based on bit i of the keys
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Algorithm for the Massively-Parallel Split Operation

• Split's job: 

• Determine new index for each element 

• Then perform the permutation (stable!) 

• Algorithm (by way of the example): 

• Consider lowest bit of the keys 

1. Compute exclusive "0"-scan: fi = # 0's in (a0, …, ai-1) 

2. Set F = total number of 0's 

3. Construct d = new positions of the ai's 

• If ai's bit = 0 → new position di = fi 

• If ai's bit = 1 → new position di = F + (i – fi), 

because  i – fi = # 1's to the left of ai

47

100 111 010 110 001 101 001 000

0 1 2 3 4 5 6 7

a:

i:

0 1 1 2 3 3 3 3f:

4+(1-1) 4+(4-3) 4+(5-3) 4+(6-3)dfor "1"s:

0 1 2 3dfor "0"s:

0 4 1 2 5 6 7 3d:

4 7 2 6 1 5 1 0

0 1 2 3 4 5 6 7

a:

i:

4 2 6 0 7 1 5 1a':

Example: split based on bit 0

<latexit sha1_base64="GunQZ7qhCZzryOsjWkf+IpPy3g8=">AAADJnicZVJLb9QwEPaGVwmvLRy5DFRFSGy3ySKgl0qV4NBjkdi2Ur2sHGeya9VxIttpWVm5ceCncORHcOaGEDckbpyQ4Afg7KNi25Fsjb755pvxjJNSCmOj6HsruHT5ytVrK9fDGzdv3b7TXr27 b4pKc+zzQhb6MGEGpVDYt8JKPCw1sjyReJAcv2ziByeojSjUGzspcZCzkRKZ4Mx6aNh+uw0hTXAklONextRhNnRqI67hCcQA8Ag6wObINkRA6RlhYcuUOKSo0oXYsL0WdaOpwUUnnjtrO5vrH36Of7/fG662PtG04FWOynLJjDmKe6UdOKat4BLrkFYGS8aP2Qjd9Pk1rHsohazQ/igLU/R/3lFls62BE6qsLCruE8AHs0qCLaAZCqRCI7dyAoxzX7hi1gvyMdOMWz+8paL5JGd23IiUPlQoJqEBjK+b50ylpgOyYCkk6DtCMEyZJv5gSWSB1kAXbkg1KjydqziasVzISYoZq6StHTXZwl9WEpUS9p0HjTBoq9L5tjbyIkW/jKx5gN+zj/pk/0Wm s3GJZFXt9CipXdSNn3WmV3yOpDE942x5SuRPb8ahrxxtWta5S+va7zg+v9GLzn6vGz/vPn3tl71LZrZC7pOH5DGJyQuyQ3bJHukTTj6TX+QP+Rt8DL4EX4NvM2rQmufcI0sW/PgHvBsA2A==</latexit>

=

{

fn−1 + 1 , an−1 = 0

fn−1 , an−1 = 1
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• A conceptual algorithm for the "0"-scan: 

• Extract the relevant bit  (conceptually only) 

• Invert the bit  

• Compute regular pre!x sum with "+" operation 

• In a real implementation, you would, of course, implement this as a native 

"0"-scan routine with a special "+" operation in the !rst iteration! 

• Depth complexity:  

• Amounts to O( b2 )  , or  O( log2(n) )

48

O( b⋅log(n) ),    where b = #bits per integer, and n = # elements

100 111 010 110 001 101 001 000a:

1 0 1 1 0 0 0 1a':

0 1 1 2 3 3 3 3f:
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Stream Compaction

• Given: input stream A, and a "ag/predicate for each ai 

• Goal: output stream A' that contains only ai's, for which "ag = true 

• Example: 

• Given: array of upper and lower case letters 

• Goal: delete lower case letters and  
compact the others to the front of the array 

• Solution: 

• Just like with the split operation, except we don't compute indices for the "to-be-
deleted" elements 

• Frequent task, sometimes A/"ags are not given explicitly (e.g., collision detection) 

• Sometimes also called list packing, or stream packing

49

A x C P h w b Za:

1 0 1 1 0 0 0 1a':

A C P Zb:
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Sparse Matrices

• "Unstructured" sparse matrices: 

• Most common storage format is Compressed Sparse Row (CSR) 

• Matrix M, size m×n , k non-zero elements (a.k.a. "nnz") 

• Stored in three arrays V, C, R 

• Row i of matrix M is stored in  

• C contains column indices: element Vj in M's i-th row represents element 

50

V

C

R
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Example
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<latexit sha1_base64="hTL3hQ5qJnu9YheJUVi32bfnV6k=">AAADYnicZVJbb9MwFHZaLiPcWvYID4ZqiIfRJaW7vCBNwAMvSEOi26S5ihznpLPmOJHtbFRWfgg/g5/DO/8DnPSytjvSsY6/79x8fOJCcG2C4I/Xat+7/+Dh1iP/8ZOnz553ui9OdV4qBiOWi1yd x1SD4BJGhhsB54UCmsUCzuKrzzV/dg1K81z+MNMCxhmdSJ5yRo2Dos6vb/gjJjFMuLRFRo3iPyufRgF+ixdKo7CxCPFn18EKuYRn1IdNmEbDJbnfnAerEbeRh9gnIJPbJqJOL+gHjeC7Rjg3emguJ1HX+02SnJUZSMME1foiHBRmbKkynAmofFJqKCi7ohOwzeQqvOOg BKe5cioNbtBVv4vSpEdjy2VRGpDMBWBHpqXAJsf1PHHCFTAjppgy5gqX1LiE7JIqyoyb+1rRbOoed1knKRyVSypwDWhXN8uoTPQuFjlNcAyuI8CaSl3zr9eSLNAKk4XpEwUSbuZZLElpxsU0gZSWwlSW6HRhr2fipeTGjZporsGUhXVtvc/yBNxOpPUD3Io41gW77Wpm Y2NBy8qqSVzZoB/u7zZHuOGkIFn6HDmXwOlg5kO+WFK3rDKbVM0nh5tfetc4HfTDg/7w+7B3/Gn+3VvoJXqD3qEQHaJj9BWdoBFi6J+34/W9vdbftt/utrdnri1vHrON1qT96j/MpgGF</latexit>

M =













a0 0 0 a1 0

0 a2 0 0 0

0 0 a3 0 0

0 a4 0 a5 a6

0 0 0 0 a7













<latexit sha1_base64="V7dqPmdfLYMmis5g1HzOiZcHspY=">AAADDXicZVLLbhMxFHWGVwmPprBkY4iQihSimZA+NkgVdMGySCSt1Ikij+dOatVjj/wAImu+gf9gx4IdYsuWbfkaPFMHkdaS51yde+7Ld7KKM23i+KIT3bh56/adjbvde/cfPNzsbT2aamkVhQmV XKqTjGjgTMDEMMPhpFJAyozDcXb+tvEffwSlmRQfzLKCWUkWghWMEuOpee9wil/jbUzm8QCnA49JwFHAVwHHAXcC7gbcwy+6814/HsbtwdeNJBh9FM7RfKvzLc0ltSUIQznR+jQZVWbmiDKMcqi7qdVQEXpOFuDaIWv83FM5LqTyVxjcsv/rTq0p9meOicoaENQHYO8s LMdG4mZ0nDMF1PAlJpT6wpYYn5CeEUWo8U+0VrRclsScNUkq75KCcNwQ2tctSyJyPcBckhxn4DsCrInQjf/pWpIVW+N0ZXZTBQI+hSwuLUjJ+DKHglhuapfqYmWvZ2JWMPPZk5ppMLZyvq2XpczBr69oBvDb9F4f7H+E9m1cxomtnVpktYuHyc6g/SRXRAryf5p9L4n9 HV1q0kOXNi2r0uV13Sw5ubrS68Z0NEx2h+P34/7Bm7DuDfQEPUPbKEF76AC9Q0dogij6in6jC/Qn+hJ9j35EPy+lUSfEPEZrJ/r1F5sH8ZE=</latexit>

V = (a0, a1, a2, a3, a4, a5, a6, a7)

<latexit sha1_base64="9leBXXoWUSCljPsZcOqlqSBQHb0=">AAAC/nicZVFNaxNBGJ6sXzV+pXr0MhqECjHsxrT2IhTrwWMF0xa6IczOvpsOnY9lPqxhWPB/ePcm4s2rV/0F/htnNxtp2hfm5eF5v+fJSs6MjeO/neja9Rs3b23c7t65e+/+g97mw0OjnKYwoYor fZwRA5xJmFhmORyXGojIOBxlZ/t1/OgjaMOU/GAXJUwFmUtWMEpsoGa97X38Gm/hGA/SAX7Z+KTxowt4yY9b/7zbnfX68TBuDF8FSQv6qLWD2WbnR5or6gRISzkx5iQZlXbqibaMcqi6qTNQEnpG5uCbqyr8LFA5LpQOT1rcsBfzTpwtdqeeydJZkDQU4BAsHMdW4fpW nDMN1PIFJpSGwY7Y0JCeEk2oDX+yNlQsBLGndZMyhJQkHNeECXOFIDI3A8wVyXEGYSPAhkhTx5+sNVmxFU5XsJtqkHDedvFpQQTjixwK4ritfGqKFV7vxJxk9lMgDTNgXenDWi+EyiHoVdQHBPlCNBQH5Zu/8RknrvJ6nlU+Hibbg8Yll5I05P9zdkNKHN5omZO+9Wm9 shY+r6pa5OSypFfB4WiY7AzH78f9vTet3BvoMXqKtlCCXqE99A4doAmi6Av6hX6jP9Hn6Gv0Lfq+TI06bc0jtGbRz3/FZOro</latexit>

C = (0, 3, 1, 2, 1, 3, 4, 4)

<latexit sha1_base64="rU7A62na7ou3xFFQAAfj1fsGZ1o=">AAAC8XicZVHLbtNAFJ2YVwmvFJZsBiKkIIXIDqHNBqkCFiwLIm2lOorG4+t01HlY8yhEI/8Ce3aILSsktvAf/A1j10GkvdJcXZ177mtOVnJmbBz/6URXrl67fmPrZvfW7Tt37/W27x8Y5TSFGVVc 6aOMGOBMwswyy+Go1EBExuEwO31d5w/PQBum5Ae7KmEuyFKyglFiA7ToDd7jl3iAYzxMh3jc+OeNnzR+t/FT/LS76PXjUdwYvhwkbdBHre0vtjs/0lxRJ0Bayokxx8m4tHNPtGWUQ9VNnYGS0FOyBN8cUuEnAcpxoXR40uIG/Z937GwxnXsmS2dB0lCAQ7JwHFuF6/Nw zjRQy1eYUBoGO2JDQ3pCNKE2fMPGULESxJ7UTcqQUpJwXAMmzBWCyNwMMVckxxmEjQAbIk2df7TRZI1WOF2H3VSDhI9tF58WRDC+yqEgjtvKp6ZYx5udmJPMfgqgYQasK31Y65lQOQSJivqAoFjIhuIgdvM3PuPEVV4vs8rHo+TFsHHJBZKG/B9nGihxeONzTvrGp/XK Wvi8qmqRk4uSXg4OxqNkZzR5N+nvvWrl3kIP0WM0QAnaRXvoLdpHM0TRZ/QT/UK/IxN9ib5G386pUaeteYA2LPr+FwwQ6Ck=</latexit>

R = (0, 2, 3, 4, 7, 8)
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• Implementation in C: 

 

 

 

 

 

 

where  
n_rows = m ,  

nnz = k , 

val = V , 

col_idx = C ,  

row_start = R
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struct { 
  int n_rows;            // number of rows 
  int nnz;               // = k = total number of non-zero elements 
  int row_start[n_rows+1]; 
  int col_idx[nnz]; 
  double val[nnz]; 
}

row_start

col_idx

val nnz
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Sparse Matrix-Vector Multiplication (SPMV)

• Task:                   , where M is given as CSR 

1. Multiply each element in V with its 

corresponding element in x: 

2. Compute "ags array, signifying row starts: 

3. Inclusive segmented scan (one segment 

per row): V' ⟶ V'' 

4. Retrieve elements for y:

53

<latexit sha1_base64="C2jIOGjlAjpqATMhhMdsdxddp4I=">AAAC4nicZVFLbxMxEHaWVwmvFE6IiyFCcCjRblSgF6QKOHAsEkkrdaOV155Nrfqx8gMaWSvu3BBXrlxB/Jz+m3q3CSLtSGONvvnm5a+sBbcuTU97yZWr167f2LjZv3X7zt17g837U6u9oTChWmhz UBILgiuYOO4EHNQGiCwF7JfH79r8/mcwlmv1yS1qmEkyV7zilLgIFYOH02cFx2/wNL45ZdrhkyLQgjf9YjBMR2ln+HKQLYMhWtpesdn7mzNNvQTlqCDWHmbj2s0CMY5TAU0/9xZqQo/JHEK3eYOfRojhSpvoyuEO/Z936F21Mwtc1d6BorEAx2TlBXYat/dgxg1QJxaY UBoHe+JiQ3pEDKEu3r02VC4kcUdtkzqmtCICt4CNc6UkitktLDRhuIS4EWBLlG3zj9earNAG56uwnxtQ8GXZJeQVkVwsGFTEC9eE3FareL0T94q7kwhabsH5OsS1XkjNIApStQdEiWI2Fkd1u78JpSC+CWZeNiEdZS+3uie7QDLA/nF2IiWNPj7n5O9D3q5sZGBNJ3J2 UdLLwXQ8yl6Ntj9uD3ffLuXeQI/QE/QcZeg12kUf0B6aIIq+ol/oN/qTsORb8j35cU5NesuaB2jNkp9nbPXoVw==</latexit>

V
′

i = Vi ·xci

<latexit sha1_base64="qSM4cjAnN+N5qNm+tRSEedAO2Eg=">AAAC7nicZVFLbxMxEHaWVwmPpnDkYogqcSjRblSgEkKqACEOHAoibaW6irze2cSq117ZY0pk7S/gzg1x5dor/BL+Dd40QaQdaazRN9+8/OW1kg7T9E8nuXL12vUbaze7t27fubve27i374y3AkbC KGMPc+5ASQ0jlKjgsLbAq1zBQX7yus0ffAbrpNGfcFbDccUnWpZScIzQuLf5dizpS5pR9oKy91CilZMpcmvNaQtJyqSmH8e9fjpI50YvB9ki6JOF7Y03OmesMMJXoFEo7txRNqzxOHCLUihousw7qLk44RMI8ysauhmhgpbGRtdI5+j/vCOP5c5xkLr2CFrEAhqTpVcU DW1vo4W0IFDNKBciDvYcY0Mx5ZYLjH+wMrSaVRynbZM6pozmiraAi3OriuvCbVFleEFziBsBdVy7Nv9wpckSbShbhl1mQcPpoktgJa+kmhVQcq+wCcyVy3i1k/Ra4pcIOukAfR3iWk8qU0BUp2wPiHLFbCyOSs//JuSK+ybYSd6EdJA93Zo/2QWSheIfZydS0ujDcw57 E1i7sq1C0TTdKHJ2UdLLwf5wkD0bbH/Y7u++Wsi9Rh6QR+QxychzskvekT0yIoJ8JWfkF/md1Mm35Hvy45yadBY198mKJT//Ak187G0=</latexit>

Fi = 1 ⇔ i ∈ R

<latexit sha1_base64="Oag755IYSN2BnosUhKrK0sK6ksY=">AAAC4nicZVHLbtNAFJ2YVwmPprBCbAYiVCTayI4KdINUAQuWBZG0Uh1Z4/F1Oup4bM0DiEYWe3ao227Zgvgc/oZr10GkvdJYR+ee+/JJKymMDcM/veDK1WvXb6zd7N+6fefu+mDj3tSUTnOY8FKW +jBlBqRQMLHCSjisNLAilXCQnrxp8gefQBtRqo92UcGsYHMlcsGZRSoZPFgkgr6i083NxNMPiRfPoppu04jWyWAYjsI26GUQdWBIuthPNnq/46zkrgBluWTGHEXjys4801ZwCXU/dgYqxk/YHHy7eU2fIJXRvNT4lKUt+7/uyNl8d+aFqpwFxbGAYjJ3ktqSNvfQTGjg Vi4o4xwHO2axIT9mmnGLd68MLRYFs8dNkwpTpWKSNoTBuUXBVGa2qCxZRlPAjYAapkyTf7TSZMnWNF7CfqxBweeui49zVgi5yCBnTtraxyZf4tVOwilhvyBphAHrKo9rbRdlBuhI3hyAFmEWi9Hd9t/4VDJXez1Pax+Ooudb7Se6INKQ/dPsoiTENz7XxG993KysC5/V dR9Nji5aehlMx6PoxWjn/c5w73Vn9xp5SB6TpyQiL8keeUf2yYRw8pX8ID/JryALvgXfg9NzadDrau6TlQjO/gKsKecy</latexit>

yi = V ′′

Ri+1−1

<latexit sha1_base64="rcxO684cT34bEAXn9Tb20wZlzLQ=">AAADGHicbVJLb9NAEN6YVwmvFI5cFiKkIoXIDqFUQkgV5cCNIpG2Uh1F6/U4XXW9tvZRiFb+I/wLDty5Ia7cEFf4H4zdJDQtY6316ZtvHjuzSSmFsWH4sxVcunzl6rW16+0bN2/dvtNZv7tnCqc5 jHghC32QMANSKBhZYSUclBpYnkjYT453av/+CWgjCvXezkoY52yqRCY4s0hNOm936Eu6QUPai1/g16NPlyhaosF/uH+64Rn0eNLphv2wMXoRRHPQJXPbnay3PsdpwV0OynLJjDmMBqUde6at4BKqduwMlIwfsyn45r4VfYRUSrNC41GWNuxZ3aGz2dbYC1U6C4pjAEVn 5iS1Ba2nQFOhgVs5o4xzLOyYxYT8iGnGLU5rpWg+y5k9qpOU6CoUk7QmDNbNc6ZS06OyYClNADsCapgytf/BSpIFW9F4AduxBgUf5ll8nLFcyFkKGXPSVj422QKvZhJOCfsRSSMMWFd6bOtJXqSAm8zqC+Bi0YvB+Caa2fhEMld5PU0qH/ajZ73mF50TaUiXmi2UhHgG p5r4tY/rlnXu06pq45Kj8yu9CPYG/WizP3w37G6/mq97jdwnD8kGichzsk3ekF0yIpx8Ib/Ib/In+BR8Db4F30+lQWsec4+sWPDjL+lV9Bo=</latexit>

C = (0, 3, 1, 2, 1, 3, 4, 4)

<latexit sha1_base64="MO81eDfF791xKpMIREr8kpTNJqA=">AAADO3icZZJLb9NAEMc35tEQXikcuQxElCKlkZ2mjwtSBRw4FomkleoqWq/X6arrtbUPaGT5Q/EB+B5w5oa4ckWMHQcl7Ui2fvrPf2bXM45yKYz1/R8t79btO3c32vc69x88fPS4u/lkYjKnGR+z TGb6NKKGS6H42Aor+WmuOU0jyU+iy3dV/uQz10Zk6pOd5/w8pTMlEsGoRWna1ZNX8Aa2YQvo1Ierqd+HsI8cIO82PEQOGt5FHiKHHahjayGPVix7K6X7yKOGDyqG151pt+cP/DrgJgQN9EgTx9PN1tcwzphLubJMUmPOgmFuzwuqrWCSl53QGZ5TdklnvKhHUsJLlGJI Mo2PslCrq74zZ5PD80Ko3FmuGBYAJhMnwWZQDQpioTmzcg6UMTzYUYsN2QXVlFkc6Nqh6Tyl9qJqkmMqU1RCJRg8N02pik0fZEZjiDjeiIOhylT552tNlmoJ4RI7oeaKf2m6FGFCUyHnMU+ok7YsQpMseb2TcErYKxSNMNy6vMBr7aRZzHHXSfUBuHvMYjH+NvVsikhS VxZ6FpWFPwj2+vUruGbSPP7vOUSLj89w4QnfF2F1ZZ0WcVlWSw6ur/QmTIaDYH8w+jjqHb1t1t0mz8gLsk0CckCOyAdyTMaEke/kb2uj1fa+eT+9X97vhdVrNTVPyVp4f/4BlvD83g==</latexit>

V
′ = (a0x0, a1x3, a2x1, a3x2,

a4x1, a5x3, a6x4, a7x4)

<latexit sha1_base64="n2Q6g76wRviwra4tR6sd5rlzdQY=">AAADGXicfVJLaxRBEO4dX3F9ZKNHL62LEGFdZpaYBEQIKuJxBTcJZJalp6dm06SnZ+iHujTzS/wVXrx7E6+eBK/6O6yZzAY3EWvo4eOrrx5d1UkphbFh+KMTXLp85eq1tevdGzdv3V7vbdzZN4XT HCa8kIU+TJgBKRRMrLASDksNLE8kHCQnL2r/wTvQRhTqrV2UMM3ZXIlMcGaRmvXGr+gzukkjOoif4jeg4RmK/ovCf0Y86s56/XAYNkYvgqgFfdLaeLbR+RSnBXc5KMslM+YoGpV26pm2gkuourEzUDJ+wubgmwtX9CFSKc0KjUdZ2rB/646czXanXqjSWVAcAyg6Myep LWg9BpoKDdzKBWWcY2HHLCbkx0wzbnFcK0XzRc7scZ2kRFehmKQ1YbBunjOVmgGVBUtpAtgRUMOUqf33V5Is2YrGS9iNNSh432bxccZyIRcpZMxJW/nYZEu8mkk4JewHJI0wYF3psa3HeZECrjKrL4CbRS8G46NoZuMTyVzl9TypfDiMngyaX3ROpCE90+yiJMQzOtXE L31ct6xzn1ZVveTo/Eovgv3RMNoebr3Z6u89b9e9Ru6RB2STRGSH7JHXZEwmhJPP5Cf5RX4HH4Mvwdfg26k06LQxd8mKBd//ACGA9CQ=</latexit>

F = (1, 0, 1, 1, 1, 0, 0, 1)

<latexit sha1_base64="3lxZQ35x5O3HKflwCzRkJmqebdk=">AAAC/XicZVHLbtNAFJ2YVwmvFJZsBiJUJNrITtPSDVIFLFgWRNJKdWSNx9fpqOOxNQ9oNLL4D/bsEBIrtmzhD/gbrt0EkXakGR2de+5rTlpJYWwY/ukEV65eu35j7Wb31u07d+/11u9PTOk0hzEv ZamPUmZACgVjK6yEo0oDK1IJh+npqyZ++AG0EaV6b+cVTAs2UyIXnFmkkt5onmzTF3SysZF4+i4Z0S0a1UhQhvgsiegzRDuItlu0i2jUTXr9cBC2h14G0QL0yeIcJOud73FWcleAslwyY46jYWWnnmkruIS6GzsDFeOnbAa+XaqmT5DKaF5qvMrSlv1fd+xsvjf1QlXO guKYQDGYO0ltSZtVaSY0cCvnlHGOjR2zWJCfMM24xS9ZaVrMC2ZPmiIVhkrFJG0Ig32LgqnMbFJZsoymgBMBNUyZJv5opciSrWm8hN1Yg4KPiyo+zlkh5DyDnDlpax+bfIlXKwmnhD1D0ggD1lUex9oqygzQm7xZAN3DKCaj8e3f+FQyV3s9S2sfDqKdzfaJLog0ZP80 eygJ8Q7PNfFrHzcj68Jndd2YHF209DKYDAfR7mD0dtTff7mwe408JI/JUxKR52SfvCEHZEw4+Ux+kl/kd/Ap+BJ8Db6dS4POIucBWTnBj7/0SO46</latexit>

y3 = V ′′

R4−1 = a4x1 + a5x3 + a6x4

<latexit sha1_base64="PH16q2SRtFDF2Wi53wr65qLhTIM=">AAACznicZVHLbtQwFPWEVxkebWHJxjBCYlFGyahAN0gVsGCDNEhMp1IzqhznZmqN7UR+lEZWxJYtW/gKPoe/4SbNIKa9kq2jc8992CerpLAujv8Mohs3b92+s3V3eO/+g4fbO7uPjmzpDYcZL2Vp jjNmQQoNMyechOPKAFOZhHm2et/m5+dgrCj1F1dXsFBsqUUhOHNIzWv6ln66GJ7ujOJx3AW9DpIejEgf09Pdwe80L7lXoB2XzNqTZFK5RWDGCS6hGabeQsX4ii0hdFs29DlSOS1Kg0c72rH/6068Kw4WQejKO9AcCygmCy+pK2m7O82FAe5kTRnnONgzhw35GTOMO3zj xlBVK+bO2iYVpkrNJG0Ji3OVYjq3e1SWLKcZ4EZALdO2zT/daLJmG5qu4TA1oOFr3yWkBVNC1jkUzEvXhNQWa7zZSXgt3AWSVlhwvgq41ktV5oAOFO0D0A7MYjE62f1NyCTzTTDLrAnxOHm1113JFZGB/J/mACUxnsmlJv0Q0nZlo0LeNK3JyVVLr4OjyTh5Pd7/vD86 fNfbvUWekGfkBUnIG3JIPpIpmRFOVuQH+Ul+RdPoPGqib5fSaNDXPCYbEX3/C45Q4Q0=</latexit>

y = Mx

<latexit sha1_base64="+jnEpPkyswfWFT8BRTCOyRxxhig=">AAADDXicZVLLbtNAFJ2YVwmvFJZsBiKkIoXIDqGNhJAq6IJlQaStVEfReHydjjoeW/MoRCN/A//BjgU7xJYt2/I1XKeJRdprjXV07rmvuZOUUhgbhuet4Nr1Gzdvbdxu37l77/6DzubDA1M4zWHM C1noo4QZkELB2Aor4ajUwPJEwmFy+q72H56BNqJQn+y8hEnOZkpkgjOL1LSz95G+oVs0pL34NX49OmjQywYNG7TToFGDnrennW7YDxdGr4JoCbpkafvTzdb3OC24y0FZLpkxx9GgtBPPtBVcQtWOnYGS8VM2A78YsqLPkEppVmg8ytIF+7/u2NlsNPFClc6C4hhA0Zk5 SW1B69FpKjRwK+eUcY6FHbOYkJ8wzbjFK1orms9zZk/qJCW6CsUkrQmDdfOcqdT0qCxYShPAjoAapkztf7KWZMVWNF7BdqxBwedlFh9nLBdynkLGnLSVj022wuuZhFPCfkHSCAPWlR7bepEXKeD6snoA3CZ6MRgfwuJufCKZq7yeJZUP+9Gr3uIXXRJpSBvNCCUhnsGF Jt7zcd2yzn1aVfWSo8srvQoOBv1ouz/8MOzuvl2ue4M8Jk/JFonIDtkl78k+GRNOvpE/5Jz8Db4GP4Kfwa8LadBaxjwiaxb8/gePGPEp</latexit>

R = (0, 2, 3, 4, 7, 8, )
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Summed-Area Tables / Integral Images

• Given: 2D array T of size w×h 

• Wanted: a data structure that allows to compute  

 

 
for any  i1, i2, j1, j2  in O(1) time

54

i1 i2

j2

j1

<latexit sha1_base64="Vrw9jCD6ECIpoqpmxMpiksyQxm8=">AAAC9nicZVHLbtNAFJ24PEp4pXTJZiBCKlIa2VGBbiJVhQXLIjVtpTpY4/F1Os3M2JoHNBr5K9izq9jCki18BX/D2HERaa80o6Nzz32nJWfahOGfTrB26/adu+v3uvcfPHz0uLfx5EgXVlGY0IIX 6iQlGjiTMDHMcDgpFRCRcjhO529r//EnUJoV8tAsSpgKMpMsZ5QYTyW97Vhbkbj5mCVR9dGxZFThJcXH5w11XlOHW/MBf9lNev1wGDaGb4KoBX3U2kGy0fkRZwW1AqShnGh9Go1KM3VEGUY5VN3YaigJnZMZuGaaCr/wVIbzQvknDW7Y/3Wn1uS7U8dkaQ1I6gOwd+aW Y1PgekacMQXU8AUmlPrClhifkJ4RRajxu1gpKhaCmLM6SeldhSQc14T2dYUgMtMDzAuS4RR8R4A1kbr2P1tJcsXWu2thN1Yg4XObxcU5EYwvMsiJ5aZysc6v8GomZiUzF57UTIOxpfNtbYsiAzzGeT2AP5v3+mB/8WY3LuXEVk7N0sqFw+jVoPmiayIF2T/NrpeE/o2W mvidi+uWlXBZVdVHjq6f9CY4Gg2j18OdDzv9vf323OvoKXqOtlCE3qA99B4doAmi6Av6iX6h38FF8DW4DL4tpUGnjdlEKxZ8/wsEZvDc</latexit>

i2∑

k=i1

j2∑

l=j1

T (k , l)
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• The trick: 

• De!ne 

• With that, we can rewrite the sum:

55

+

+ -

-

Lookups in 
Summed Area Table S

<latexit sha1_base64="Bb+dBVOMx8yCZE26oVZp8lOxHfw=">AAAC83icZVHLbhMxFHWGVwmPprBkY4iQUhSimahAN5UqYMGyiKat1AmRx3MndePHyA8gsuYf2LNDbFmwYQu/wd/gmU4RaS3Zuj733OfJSs6MjeM/nejK1WvXb6zd7N66fefuem/j3oFRTlOYUMWV PsqIAc4kTCyzHI5KDURkHA6zxavaf/gBtGFK7ttlCVNB5pIVjBIboFnvybsBG55u4h2cGidmfrGTVO9Z++H15xTvDxZDvtmd9frxKG4OvmwkrdFH7dmbbXR+pLmiToC0lBNjjpNxaaeeaMsoh6qbOgMloQsyB9+MUuHHAcpxoXS40uIG/Z937GyxPfVMls6CpCEAB2fh OLYK1wPinGmgli8xoTQUdsSGhPSEaEJtWMRKUbEUxJ7UScrgUpJwXAMm1BWCyNwMMVckxxmEjgAbIk3tf7iS5BytwtZas5tqkPCxzeLTggjGlzkUxHFb+dQU5/ZqJuYks58CaJgB60of2noqVA5Bn6IeIGgWvCE4yN3sxmecuMrreVb5eJQ8GzZPcoGkIf/H2Q6UONzx GSd97dO6ZS18XlW1yMlFSS8bB+NR8ny09Xarv/uylXsNPUCP0AAl6AXaRW/QHpogij6jn+gX+h256Ev0Nfp2Ro06bcx9tHKi738BLc3uOw==</latexit>

S(i , j) =
i∑

k=1

j∑

l=1

T (k , l)

<latexit sha1_base64="o4VofX/JfMwJeWAPfzt9bOJvkSI=">AAADKnicZVJNb9MwGHbD1ygf6+DIxVAhtaKr4mrALpUm4LDjEOs2aSmR4zidV8eJ/AFUVv4RF34Fd24TV65cxxU7zaZ1eyVHr5/neT/yvk5KzpQOw7NWcOv2nbv31u63Hzx89Hi9s/HkQBVGEjoh BS/kUYIV5UzQiWaa06NSUpwnnB4m8/eeP/xCpWKF2NeLkk5zPBMsYwRrB8UdHCmTx3Y+ZjGqPlsWjyq4hPj4tIZOPbTfmw94H47hp56TDBzWh5v1BV29eAb14atLBvXbcacbDsPa4E0HNU4XNLYXb7R+RGlBTE6FJhwrdYxGpZ5aLDUjnFbtyChaYjLHM2rrCVTwpYNS mBXSHaFhjV7VHRudbU8tE6XRVBAXAB2ZGQ51Af1cYMokJZovICbEFTZYu4TkBEtMtJvfStF8kWN94pOUjioE5tADytXNcyxSNYC8wClMqOuIQoWF8vzzlSQXqJ9347YjSQX92mSxUYZzxhcpzbDhurKRyi781UzMCKa/OVAxRbUprWtrMy9S6haW+R9wq3asC3avpJ6N TTg2lZWzpLLhEL0e1B90TSRpeqnZdpLQndFSE32wkW9Z5jatKr9kdH2lN52D0RC9GW593OruvGvWvQaegRegBxB4C3bALtgDE0DAT/AXnIN/wffgV3AW/F5Kg1YT8xSsWPDnPwRA/7Y=</latexit>

i2∑

k=i1

j2∑

l=j1

T (k , l) = S(i2, j2)− S(i1, j2)− S(i2, j1) + S(i1, j1)
i1 i2

j2

j1
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• De!nition: 

Given a 2D array of numbers, T, the summed area table S stores for each 

index (i,j) the sum of all elements in the rectangle (0,0) and (i,j) (inclusively): 

• Like the pre!x-sum, but for higher dimensions 

• Summed area tables can also 
be de!ned for higher dimensions 

• In computer vision,  

it is often called integral image 

• Example:

<latexit sha1_base64="zpQvJ3EdrBcfOxrN8T7JZ19xjgs=">AAAC9HicZVHLbhMxFHWGVxleKSzZGCKkVIRoJirQTaUKWLAsomkrdULk8dxJ3fgx8qMQWfMR7Nkhtkis2MJn8Dd40ikirSVb1+ee+zx5xZmxSfKnE125eu36jbWb8a3bd+7e667f3zfKaQpjqrjS hzkxwJmEsWWWw2GlgYicw0E+f934D05BG6bknl1UMBFkJlnJKLEBmnafvu+zwckG3saZcWLq59tp/YG1H958TvBefz7gG3E87faSYbI8+LKRtkYPtWd3ut75kRWKOgHSUk6MOUpHlZ14oi2jHOo4cwYqQudkBn45S42fBKjApdLhSouX6P+8I2fLrYlnsnIWJA0BODhL x7FVuJkQF0wDtXyBCaWhsCM2JKTHRBNqwyZWioqFIPa4SVIFl5KE4wYwoa4QRBZmgLkiBc4hdATYEGka/6OVJOdoHdbWmnGmQcLHNovPSiIYXxRQEsdt7TNTnturmZiTzH4KoGEGrKt8aOuZUAUEgcpmgCBa8IbgoPdyNz7nxNVez/LaJ8P0+WD5pBdIGop/nK1AScId nXGyNz5rWtbCF3XdiJxelPSysT8api+Gm+82ezuvWrnX0EP0GPVRil6iHfQW7aIxougz+ol+od/RafQl+hp9O6NGnTbmAVo50fe/eU7uTw==</latexit>

S(i , j) =
i∑

k=1

j∑

l=1

T (k , l)

Input

 1  1  0  2

 1  2  1  0

 0  1  2  0

 2  1  0  0

 1  2  2  4

 2  5  6  8

 2  6  9 11

 4  9 12 14
Summed Area Table
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The Algorithm

• 2 phases (for 2D) 

1. Do h pre!x-sums horizontally (one per kernel launch) 

2. Do w pre!x-sums vertically (ditto) 

• In order to maintain coalesced memory access):  horizontal scan, transpose img., horiz. scan 

• Or use texture memory (?) 

• Depth complexity for d dimensions, w = h, and ignore transposition: 

• Caveat: beware of precision loss in integer/"oating-point arithmetic 

• Assumption: each Tij needs  b  bits 

• Consequence: number of bits needed for Swh =  

• Example: 1024x1024 grey scale image, each pixel = 8 bits → ≥28 bits needed in S

57

<latexit sha1_base64="prewxufHRdlDvufdjUeRT1fEw7o=">AAAC3nicZVFNb9NAEN2Yr2K+UhAnLgsREhIlsqNCe0GqgAPHIpG2Uh2F9XqcrLretfajJVr5yg1x5coVTvwc/g1jN0GkHWmtpzdv3sx48loK65LkTy+6cvXa9RsbN+Nbt+/cvdffvH9gtTccxlxL bY5yZkEKBWMnnISj2gCrcgmH+cnbNn94CsYKrT66RQ2Tis2UKAVnDqlp/2Em9Yye0ee0A3MEeRxP+4NkmHRBL4N0CQZkGfvTzd7vrNDcV6Acl8za43RUu0lgxgkuoYkzb6Fm/ITNIHRTN/QpUgUttcGnHO3Y/3XH3pW7kyBU7R0ojgUUk6WX1Gna7kILYYA7uaCMc2zs mUNDPmeGcYc7rzWtFhVz89akxpRWTNKWsNi3qpgq7BaVmhU0B5wIqGXKtvnHayYrtqHZCsaZAQVnS5eQlawSclFAybx0TchsucLrTsIr4T4jaYUF5+uAY72odAH0NS3bBfA8mMVivGz3b0IumW+CmeVNSIbpy63uk14QGSj+aXZRkuAbnWuydyFrRzZVKJqmPXJ68aSX wcFomL4abn/YHuy9WZ57gzwiT8gzkpIdskfek30yJpwE8oP8JL+iT9GX6Gv07Vwa9ZY1D8haRN//Arhr5aw=</latexit>

logw + log h + b

<latexit sha1_base64="kxnxIF5+TUToP9SMWFxqM6Bca9Y="></latexit>

d ·w logw
<latexit sha1_base64="Te7+jmHL7iEaBYEn3gA5dMq/6gA="></latexit>

d ·w
d−1 logw
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Increasing the Precision

• The following techniques actually apply to pre!x-sums, too! 

1."Signed offset" representation: 

• Set  

where 

• Effectively "removes the DC component from the signal" 

• Consequence: 

 

 

i.e., the values of S' are now in the same order as the values of T 

(less bits have to be thrown away during the summation) 

• Note 1: we need to set aside 1 bit (sign bit) 

• Note 2: S'(w,h) = 0  (modulo rounding errors)

58

<latexit sha1_base64="Y4N92HTDhsqa4hFCrrSp5vdgXss=">AAADA3icZVJLbxMxEJ4sr7K8UnpESIYIAVKIdqMCvVSqgAPHIiVtpW5Ueb3e1NRrr/wAImuP/A/unEBcuXKFK/+G2TRBTTvWWKNvvnl5nNdSWJckfzvRpctXrl5bux7fuHnr9p3u+t09q71hfMy0 1OYgp5ZLofjYCSf5QW04rXLJ9/OT161//wM3Vmg1crOaTyo6VaIUjDqEdPc+jOAxPAEBfXgPT4Hg2UYdncXIBiIZ5EDBQAAHDcQQH3V7ySCZC7lopAujBwvZPVrvfMsKzXzFlWOSWnuYDms3CdQ4wSRv4sxbXlN2Qqc8zEdryCOEClJqg6ocmaNneYfelVuTIFTtHVcM Awg6Sy+J06QdmBTCcObkjFDGsLCnDhOyY2ooc/gwK0WrWUXdcZukRpdWVJIWsFi3qqgqbJ9ITQuSc+yIE0uVbf0PVpIs0YZkSzPODFf84yJLyEpaCTkreEm9dE3IbLm0VzMJr4T7hKAVljtfB2zrWaULTrZJ2Q6AO0QvBuP6528Tckl9E8w0b0IySJ/351d6jmR48Z+z hZQEdXjKyd6ErG3ZVKFomnbJ6fmVXjT2hoP0xWDz3WZv59Vi3WtwDx7iJ0rhJezAW9iFMTD4Ar/gN/yJPkdfo+/Rj1Nq1FnEbMCKRD//ATK36Po=</latexit>

T ′(i , j) = T (i , j)–t̄
<latexit sha1_base64="qgyyq+elkQLrWMfoV9WkQ0/vlDo=">AAADEnicZVLLbtNAFJ2YVwmvFJZsBiKkIoXIjkrbDVIFLGBXpKStVIdoPL5Ohs7DmgdpNPJf8B+ILTvEli0LNvArjFMHkfZKYx2de+7bWcmZsXH8qxVduXrt+o2Nm+1bt+/cvdfZvH9olNMURlRx pY8zYoAzCSPLLIfjUgMRGYej7PRV7T/6CNowJYd2UcJYkKlkBaPEBmrSeZtmRHtb4Rc4tXBmPSZBTqaAVYErPKz5QhPqk8rPZxVOjROT5P18BWZ4uMV6H56225NON+7HS8OXQdKALmrsYLLZ+pLmijoB0lJOjDlJBqUde6ItoxyqduoMlISehm78ctIKPwlUjgulw5MW L9n/dSfOFntjz2TpLEgaAnBwFo5jq3A9P86ZBmr5AhNKQ2FHbEhIZyTMaMOe1oqKhSB2Vicpg0tJwnFNmFBXCCJz08NckRxnEDoCbIg0tf/RWpIVW++uge1Ug4R5k8WnBRGML3IoiOO28qkpVng9E3OS2bNAGmbAutKHtp4JlUO4Un2k+qTBG4LD37Dcjc84cZXX06zy cT953lt+kgsiDfk/zV6QxOENzjXpa5/WLWvh86qqj5xcPOllcDjoJzv97Xfb3f2Xzbk30EP0GG2hBO2iffQGHaARougz+ol+oz/Rp+hr9C36fi6NWk3MA7Rm0Y+/kkH6zg==</latexit>

t̄ = average of T =
1

wh

w∑

1

h∑

1

T (i , j)

<latexit sha1_base64="A8XsCc1kmbn509GTijsO7sOrJZo=">AAADHXicZVJLb9NAEN6YVwmvtBy5LESoQUojOyq0l0oVcODQQ1GTtlIdovV6nW6y3rX2AUQr/xZ+A1fu3BBXxI0r/ArGiYtIO9LaM99889iZTQrBjQ3Dn43g2vUbN2+t3W7euXvv/oPW+saxUU5T NqRKKH2aEMMEl2xouRXstNCM5IlgJ8nsVeU/ec+04UoO7Lxgo5xMJM84JRagcWtwtNnh3ekzvIdj4/Kxn+1F5TteG/HBQWVO8WCzM+uCVfGOlgFbGFg0VRZP63+cEO1t2WyOW+2wFy4EX1WiWmmjWg7H643Pcaqoy5m0VBBjzqJ+YUeeaMupYGUzdoYVhM7IhPnFpUv8 FKAUZ0rDkRYv0P95Z85muyPPZeEskxQCMDgzJ7BVuBoFTrlm1Io5JpRCYUcsJKTnRBNqYWQrRfN5Tux5laQAl5JE4AowUDfPiUxNFwtFUpww6IhhQ6Sp/I9XklygJYy3VpuxZpJ9qLP4OCM5F/OUZcQJW/rYZBf6aibuJLcfATTcMOsKD21t5SplsKCsugBsF7wQDA9j MRufCOJKrydJ6cNe9Ly7+ESXSJql/zi7QAnh9Jec+LWPq5Z17tOyrJYcXV7pVeW434te9Lbfbrf3X9brXkOP0BPUQRHaQfvoDTpEQ0TRF/QL/UZ/gk/B1+Bb8H1JDRp1zEO0IsGPvwD0/DA=</latexit>

S ′(i , j) =
i∑

k=1

j∑

l=1

T ′(k , l) = S(i , j)− i ·j · t̄
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Example

59

Input image Original summed area table With improved precision 
using "offset" representation
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• Move the "origin" of the i,j "coordinate frame": 

• Compute 4 different S-tables, one for each quadrant 

• Result: each S-table comprises only ¼ of the pixels/values of T 

• For computation of  

do a simple case switch

60

i

j

i

j

i1 i2

j2

j1
i

j

<latexit sha1_base64="Lu3Xjq1qSfw09/1emXKNqNtbbnA=">AAAC/HicZVHLbtNAFJ2YVwmvFJZsBiKkIoXIDqXtJlIFLFh0UaSmrVQHazy+TqeZGVvzAKKR+Q/27BALNmzZwifwN4wdF5H2SjM6Ovfcd1pypk0Y/ukEV65eu35j7Wb31u07d+/11u8f6sIqChNa 8EIdp0QDZxImhhkOx6UCIlIOR+n8Ve0/eg9Ks0IemEUJU0FmkuWMEuOppPc81lYkbj5mSVS9cywZVXhJxXt747OGPKvJg435wFNPcbeb9PrhMGwMXwZRC/qotf1kvfM9zgpqBUhDOdH6JBqVZuqIMoxyqLqx1VASOiczcM1MFX7iqQznhfJPGtyw/+tOrMl3po7J0hqQ 1Adg78wtx6bA9aQ4Ywqo4QtMKPWFLTE+IT0lilDjN7JSVCwEMad1ktK7Ckk4rgnt6wpBZKYHmBckwyn4jgBrInXtf7SS5JytN9jCbqxAwoc2i4tzIhhfZJATy03lYp2f49VMzEpmPnpSMw3Gls639UwUGeAxzusB/PG81wf7uze7cSkntnJqllYuHEYvBs0XXRApyP5p drwk9G+01MSvXVy3rITLqqo+cnTxpJfB4WgYbQ033272d1+2515DD9FjtIEitI120Ru0jyaIos/oJ/qFfgefgi/B1+DbUhp02pgHaMWCH38BOwbyUg==</latexit>

i2∑

k=i1

j2∑

l=j1

T (k , l)
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Results

• Compute integral image 

• From that, compute  

• Should yield the  

original image (theoretically)

61

Simple methodWith methods 1 & 2
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• Assumption: image = N pixels 

• Naïve approach: do a 1D pre!x-sum per row (no transposition step) 

• Depth complexity:  

•  Work complexity: 

• Better solution: 

• Pack all rows into one linear array of size N 

• Do a 1D pre!x-sum, but stop after the !rst                 levels 

• Depth complexity =  

• Work complexity =  

• Is a special case of segmented pre!x sum

Ef!cient Computation of the Integral Image

Row 1 Row 2 Row n

n levels 
up- and 
down- 
sweep

<latexit sha1_base64="7no93FhzYIdKA4RIAKMj+TId/O8=">AAAC4XicZVFLaxRBEO4dX8n6yEYvAS+ti+AhLjNL1FyEoB48hQhuEsgsS09PzaRJT/fYD3Vpxrs38erVq4I/x39jzWRX3KSgmo+vvnp1ZbUU1sXxn1505eq16zfW1vs3b92+szHYvHtotTccJlxL bY4zZkEKBRMnnITj2gCrMglH2dmrNn70AYwVWr1z8xqmFSuVKARnDqnZYCvNRKkDTe1748J+Q1OpS7pPm9lgGI/izuhlkCzAkCzsYLbZ+53mmvsKlOOSWXuSjGs3Dcw4wSU0/dRbqBk/YyWEbvCGPkIqp4U26MrRjv1fd+JdsTsNQtXegeKYQDFYeEmdpu06NBcGuJNz yjjHxp45LMhPmWHc4dorTat5xdxpW6TGkFZM0paw2LeqmMrtNpWa5TQDnAioZcq28QcrRZYs/tQS9lMDCj4uqoS0YJWQ8xwK5qVrQmqLJV6tJLwS7hOSVlhwvg441pNK50Bf0KJdAC+EUUzG43Z/EzLJfBNMmTUhHiVPt7snuSAykP/T7KIkRh+fa9LXIW1HNlXIm6aP R04unvQyOByPkmejnbc7w72Xi3OvkfvkIXlMEvKc7JE35IBMCCefyQ/yk/yKePQl+hp9O5dGvUXOPbJi0fe/2nbo8A==</latexit>

O
(

√

N logN
)

<latexit sha1_base64="2pwYSLuY/dIhxir0IQ/u5P9Gaoo=">AAAC9nicZVHLbtNAFJ2YVxseTWHJZiBCYtFGdlSgG6QKWLCqikTaSnUUjcfX6ajjGTMPaDTyV7Bnh9jSJVv4Cv6GaycB0l5prOtzz32erJLCujj+3YmuXb9x89baevf2nbv3Nnqb9w+t9obDiGup zXHGLEihYOSEk3BcGWBlJuEoO3vdxI8+grFCq/duVsG4ZFMlCsGZQ2jS204zMdWBpvaDcWG/pinPtfv3W1P6ks45+3V30uvHg7g1etVJFk6fLOxgstm5SHPNfQnKccmsPUmGlRsHZpzgEupu6i1UjJ+xKYR2m5o+QSinhTb4lKMt+j/vxLtidxyEqrwDxTGBYrDwkjpN mx1pLgxwJ2eUcY6NPXNYkJ8yw7jDW6w0LWclc6dNkQpDWjFJG8Bi37JkKrdbVGqW0wxwIqCWKdvEH60UWaJ4vqXbTQ0o+LSoEtKClULOciiYl64OqS2W/mol4ZVw5whaYcH5KuBY26XOAXUomgVQNoxiMire3iZkkvk6mGlWh3iQPNtqP8klkoH8L2cXKTG+4ZyTvglp M7IpQ163IieXJb3qHA4HyfPBzrud/t6rhdxr5CF5TJ6ShLwge+QtOSAjwsln8oP8JL+i8+hL9DX6NqdGnUXOA7Ji0fc/zr3xMg==</latexit>
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Applications of the Summed Area Table

• For !ltering in general 

• Simple example: box !lter (blurring) 

• Slide box across image (convolution) 

• Compute average inside a box (= rectangle) 

• Application: translucent objects, i.e., transparent & matte 

• E.g., "simulate" milky glass object in a game 

1. Render virtual scene without translucent objects 

2. Compute summed area table from frame buffer 

3. Render translucent object (using a fragment shader): replace pixel behind 
translucent object by average over original image within a (small) box 
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Result
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Rendering with Depth-of-Field (Tiefenunschärfe)

1.Render scene, save color buffer and z-buffer (e.g., in texture) 

2.Compute summed area table over color buffer 

3.For each pixel do in parallel: 

1.Read depth of pixel from saved z-buffer 

2.Compute circle of confusion (CoC)  

(for details see "Advanced CG") 

3.Determine size of box !lter 

4.Compute average within box  

over the orig. color buffer 

5.Write in (new) color buffer 

• Note: "For each pixel in parallel" 
could be implemented in OpenGL 
by rendering a screen-!lling quad using special fragment shader
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• Result:
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Artifacts of this Technique

• False sharp silhouettes: blurry objects (out of focus) have sharp silhouette, 

i.e., won't blur over sharp object (in focus) 

• Color bleeding (a.k.a. pixel bleeding): areas in focus can incorrectly bleed 

into nearby areas out of focus 

• Reason: the (indiscriminate) gather operation
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Depth-of-Field with Scattering

• Goal: turn gather operation into scatter operation 

• Example: scatter one pixel using the 2D pre!x-sum (integral image)
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Algorithm

• Phase: for each pixel in original image do in parallel 

• Spread                   to CoC corners 

• Use atomic accumulation operation ! 

• Do this for R, G, and B channels 

• Phase: compute 2D pre!x-sum 
over this "scatter image",  
result = !nal image with  
depth-of-!eld 

• Research question: can you turn phase 1 into a gather phase?
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Result
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Integral image, then gathering Scattering , then integral image

[Kosloff, Tao, Barsky, 2009]
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Application: Face Detection

• Goal: detect faces in images (not recognition) 

• Requirements (wishes): 

• Real-time or close (> 2 frames/sec) 

• Robust (high true-positive rate, low false-positive rate) 

• Non-goal: face recognition 

• In the following: no details, just overview!
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digital camera iPhoto
Includes a "false positive"  

(or does it?)
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• The term feature in computer vision: 

• Can be literally any piece of information/structure present in an image 

• Each kind of feature has a type, each feature has a value 

• Binary features → present / not present 

• Examples: 

• Edges  

• Color of pixels is within speci!c range (e.g., skin) 

• Non-binary features → probability of occurrence 

• Examples: 

• Gradient image 

• Sum of pixel values within a shape, e.g., rectangle
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The Viola-Jones Face Detector                                      

• The (simple) idea: 

• Move a sliding window across the image (all possible 
locations, all possible sizes) 

• Check, whether a face is in the window 

• We are interested only in windows that are !lled by a face 

• Observation: 

• Image contains 10's of faces 

• But ~106 candidate windows 

• Consequence: to avoid having a false positive in every 

image, our false positive rate has to be < 10-6
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• Feature types used in the Viola-Jones face detector: 

• 2, 3, or 4 rectangles placed next to each other 

• Called Haar features 

• Feature value := gi =  

pixel-sum( white rectangle(s) ) –  

pixel-sum( black rectangle(s) ) 

• Constant time per feature extraction 

• In a 24x24 window (e.g., one of the 

sliding windows), there are  

~160,000 possible features 

• All variations of type, size, location within the window
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• De!ne a weak classi!er for each feature: 

• For the two-rectangles feature, for instance, 
choose 

• Called "weak", because such a classi!er is only  
slightly better than a random "classi!er" 

• Idea: combine lots of weak classi!ers to form one strong classi!er
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• Use learning algorithms to automatically !nd a set of weak 
classi!ers and their optimal weights and thresholds, which 
together form a strong classi!er (e.g., Random Forest) 

• More on that in AI & machine learning courses 

• Training data: 

• 1000's of hand labeled faces containing many variations 
(illumination, pose, skin color, …) 

• 10000 non-faces 

• Weak classi!ers with largest weights are meaningful and have 
high discriminative power (use !rst k of them): 

• Eyes region is darker than the upper-cheeks 

• Nose bridge region is brighter than the eyes
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• Arrange in a !lter cascade: 

• K classi!ers with highest weights come !rst 

• If window fails one stage in the cascade → discard window 

• Advantage: "early exit" if "clearly" non-face 

• Typical detector has 38 stages in the cascade,  
~6000 features/weak classi!ers 

• Final stage: only report face, if cascade !nds several 

nearby face windows 

• Discard "lonesome" windows
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Visualization of the Algorithm
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Adam Harv  
(http://vimeo.com/12774628)
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Final remarks on Viola-Jones

• Pros: 

• Extremely fast feature computation 

• Scale and location invariant detector 

• Instead of scaling the image itself (e.g. pyramid-!lters), we scale the features 

• Works also for some other types of objects 

• Cons: 

• Doesn't work very well for 45˚ views on faces 

• Not rotation invariant
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